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Abstract. The circle-equivariant spectrum M Stringc is the equivariant analogue of the cobor- 
dism spectrum MU (6) of stably almost complex manifolds with ci = C2 = 0. Given a rational 
elliptic curve C, there is a ring T-spectrum EC representing the associated T-equivariant elliptic 
cohomology [Gre05) . The core of the present paper is the construction, when C is a complex elliptic 
curve, of a map of ring T-spectra 

MStringc EC 

which is the rational equivariant analogue of the sigma orientation of [AHSOl] . We support this by 
a theory of characteristic classes for calculation, and a conceptual description in terms of algebraic 
geometry. In particular, we prove a conjecture the first author made in [And03b] . 
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1. Introduction 

In this article we construct a circle-equivariant version of the sigma orientation of Ando- Hopkins- 
Strickland [AHSOlj . taking values in the equivariant elliptic cohomology EC constructed by the 
second author in |Gre05j . at least in the case of a complex elliptic curve C = C/A. More precisely, 
we let T denote the circle group, BU denote the classifying space for stable T-equivariant complex 
vector bundles, and BSU denote the classifying space for stable T-equivariant complex vector 
bundles with trivial determinant. It turns out that BSU is the cover of BU trivializing the first 
Borel Chern class cf . Now let BStringc be the cover of BU trivializing the first and second Borel 
Chern classes cf and cf ; we call a virtual complex T- vector bundle with a lift of its classifying 
map to BStringc a ^^Stringc bundle." Let MStringc be the associated bordism spectrum. We 
construct a map of ring T-spectra 

MStringc — > EC 

which specializes to the sigma orientation of Ando-Hopkins-Strickland [AHSOl] in Borel-equivariant 
elliptic cohomology. 

Our argument offers several improvements over the papers jAB02l IAnd03bj . which construct 
a canonical and natural Thom isomorphism for Stringc bundles (and their real analogues) over 
compact T-spaces in Grojnowski's equivariant elliptic cohomology [Gro07j . For one thing, our use 
of the spectrum EC of [GreOSj entitles us to work directly with the classifying spaces for equivariant 
bundles and their Thom spectra. More importantly, we are able for the first time to give a simple 
and conceptual formula for the Thom class of a Stringc-hundle. Briefly, for a G C and a T-space 
X, let 

J if a has finite order n 

1 T 

\X otherwise. 

The long exact sequence (16. 6p shows how to assemble ECj{X) from the groups 

Hi{X^-0^^,) 
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for a G C, where the "coordinate data" of the elhptic curve C are used to give ^ the structure 
of an H* {BT)-a\gehia (see Section [6|). If F is a virtual T-equivariant vector bundle over X, then 
the groups relevant for ECj{X^) are 

The Thom class near a must then be a unit multiple of Thom']r(y"), the Thom class of V"" 

in Borel-equivariant cohomology associated to the Weierstrass sigma function (see ^7.Cp . In order 
to assemble a Thom class for F as a varies, we expect that 

E(F), = ThomT(F")eT(l^/l^'^), (1.1) 

where V/V"" is defined so that 

v\x- = e {v/v''), 

and ex denotes the Borel-equivariant Euler class associated to the Weierstrass sigma function. 

One of the virtues of our approach is that our Thom class is given precisely by the formula (jl.ip ; 
see (j7.20p and Theorem 17.231 The reader is invited to compare these formulae with the formulae 
following Theorem 9.1 of [ AndOSbj or (6.11), (6.17), and (6.23) of |AB02 j to get an idea of the 
improvement (II. ip represents. It remains to show that, if y is a Stringc-hundle, then the proposed 
Thom class S(y) has the necessary properties. We do this in Section [HI The argument uses 
characteristic classes which were, in some sense, the main discovery of jAnd03b] . but by working 
universally we give a better account of them and so put them to more effective use. 

In Part [3] we use our analysis of the equivariant elliptic cohomology of BSU{d) to prove a version 
of the conjecture in |And03bl I And03a] . giving a conceptual construction of the sigma orientation, 
for elliptic curves of the form C = C/A. To a T-space X we associate a sort of ringed space F{X) 
over C (actually over a diagram approximating C), which determines ECj{X) in the universal 
case. Associated to a complex vector bundle V over X, we construct a line bundle J-{X^) over 
F{X), which determines ECj{X'^) in the universal case. The fact that J-{X^) is a line bundle 
(i.e., locally trivial) follows from the Thom isomorphism for ordinary Borel cohomology, and if the 
line bundle is globally trivial, there is a Thom isomorphism in elliptic cohomology. 

Let T be the usual maximal torus of SU (d), with Weyl group W, and let T = Hom(T, T) denote 
the lattice of cocharacters. Looijenga |Loo76| used the second Chern class to construct a line bundle 
C = C{c2) over (T C)/W. The Weierstrass sigma function determines a section a of C, and so a 
trivialization oi C®X, where X is the ideal sheaf of zeroes of o". As explained in [AndOO ] . characters 
of representations of level k of the loop group LSU{d) give sections of . 

We show that a T-equivariant SU{d)-hxmd\e V over X determines a pull-back diagram 

C{V) T{X^) > L®T 

F(X) ^ >{T®C)IW, 

where >C(y) = h* L and cr(T^) = h*a. In particular cr(V^) is a trivialization of C(y^ ® TiX^'). 
It turns out that if Vq and V\ are two T-equivariant SU (d)-bundles over X such that 

cf (Fo - ^i) = 0, 

(i.e., so that Vq — V\ admits a Stringc-structure) then there is an isomorphism 

£(^0) = /:(^i), 
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so (7(Vo) (8) cr{Vi) ^ is a trivialization of 

£{Vo) ^ TiX^'^) ^ -^. ^v„-y,. 
C{Vi)®T{XVi) -^^^ 

This is our Thorn class; see Theorem 111.171 

We note that Jacob Lurie |Lur05| has, independently of this paper and [And03bj . announced 
a proof of the analogous integral result for his oriented derived elliptic spectra. Our results may 
be viewed as a classical analogue his work, relating it to the invariant theory of |Loo76] and high- 
lighting the role of the Weierstrass sigma function. In [GepGreTO] , Gepner and the second author 
explain the relationship between Lurie's equivariant derived elliptic spectra and the T-equivariant 
elliptic spectra constructed in [GreOSj . We believe the two constructions of the equivariant sigma 
orientation are consistent on theories where both are defined. 

Our work on this project has led us to a clearer understanding of the relationship between 
the T-equivariant elliptic cohomology theories constructed by Grojnowski [Gro07] and Greenlees 
[Gre05| . In both cases, EC^iX) is assembled from the groups Hj{X"';Oq ^) for a € C. In order 
to make sense of this expression, one must give Oq ^ the structure of an H*{BT) = Q[2;]-algebraE|. 
Grojnowski does this for a complex elliptic curve in the form C/A, using the covering 

C^C/A, (1.2) 

the structure of Oc as an ff* (i3T)-algebra, and translation in the elliptic curve. One of the points 
of [Gre05] is that we may construct an elliptic cohomology theory given suitable coordinate data 
on the elliptic curve; for each n > 1 we need a function t„ vanishing to the first order on the points 
of C of exact order n. We discuss this in Sectional particularly before Lemma 16.31 and in Remark 

The paper is divided into three parts. 

Part 1 is about equivariant classifying spaces and equivariant characteristic classes in general, 
and much of it holds integrally. In Section [21 we begin the study of the classifying spaces for 
equivariant vector bundles which arise in this work. In Sections [3] and S] we discuss characteristic 
classes for these bundles. In Section [5] we use these characteristic classes to describe the Borel- 
equivariant ordinary cohomology of our classifying spaces. We make repeated use of a Universal 
Coefficient Theorem for Borel cohomology, which we discuss in the appendix. 

Part 2 focuses on elliptic cohomology, introduces the sigma orientation and establishes the Thom 
isomorphism. In Section [6] we recall from |Gre05j the properties of equivariant elliptic cohomology 
associated to an elliptic curve over a Q-algebra which we need for our work. We then turn to 
complex elliptic curves. In Section [7] we recall the basic facts about the Weierstrass sigma function, 
and use it to give the formula for the Thom isomorphism over T-fixed spaces. The behaviour for 
points with finite isotropy is stated in Proposition 17.221 and proved in Section [HI Together, these 
give the Thom isomorphism: the main result is Theorem 17. 23[ 

In Part 3 we reformulate the results of Part 2 in geometric terms. We explain our Thom iso- 
morphism using the analytic geometry of the elliptic curve C and the invariant theory of |Loo76] , 
proving the conjecture of |And03b] in this case. We also rephrase some of these ideas in terms of 
the algebraic geometry of C, avoiding the use of analytic methods. We hope that these ideas will 
eventually lead to an algebraic version of our results. Section [9] gives a convenient sheaf theoretic 
formulation of the separation of behaviour over T-fixed points and generic points of the curve from 
points with finite isotropy and torsion points on the curve. In Section [10] we give the geometric 

"'^The generator of H^{BT) is denoted z here because we are thinking of it as a complex function on C. When we 
think of it as the first Chern class of the canonical bundle we write c for the same generator 
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interpretation of the situation over the T-fixed points of BSU{d), and in Section [TT] we extend this 
to all of BSU{d). Finally in Section [12] we give a moduli interpretation in terms of divisors. 

The appendix describes a universal coefficient theorem for Borel homology and cohomology. 

Part 1. Equivariant classifying spaces and characteristic classes 

In this part we discuss equivariant classifying spaces and characteristic classes from several 
different points of view. In Section [21 we discuss the classifying spaces both via moduli and through 
specific models. In Section [3] we discuss characteristic classes via the splitting principle and formal 
roots. In Section [H we apply the earlier sections to calculate the cohomology of the first few covers 
of BU. 

2. Classifying spaces for equivariant vector bundles 

Let G be a compact Lie group. In this section, we review various aspects of the classifying spaces 
for G-equivariant complex vector bundles. Until the end of Section [3l we allow G to be an arbitrary 
compact Lie group, but our applications use the special case G = T, and we specialize to that case 
when it is convenient to do so. Much of this material is well-known; see for example |May96] . 

2. A. The classifying space for equivariant complex vector bundles of finite rank. Just 
as in the non-equivariant case, we may pass between [/(n)-free G x [/(n)-spaces, or G-equivariant 
principal C/(n)-bundles, and G-equivariant complex vector bundles of rank n. This gives two models 
for their classifying G-space BU{n). 

On the one hand, BU{n) can be constructed as the quotient EU{n)/U{n), where EU{n) is a 
G X U{n) space with the property that, for aW K <Z G U{n), 

EU{n)^ ~ * if /s: n U{n) = 1 

EU{n)^ = otherwise. 

On the other hand, BU (n) can be modelled as the Grassmannian Ginipi) of n-dimensional subspaces 
of a complete complex G-universe. Thus 

BU{n) = EU{n)/U{n) ~ Gr„(^/). 

We have omitted the G from the notation for BU{n), because for H QG, the -ff-space underlying 
BU{n) is the classifying //-space for //-equivariant C/(n)-bundles, as one can check using either 
description of BU{n). 

Remark 2.1. Note that if X is a G-space, and // is a subgroup, then NgH/H acts on . In 
particular, if G = T and H = A is a finite subgroup, then T/A acts on BU{n)^. 

2.B. The classifying space for stable bundles. We will need to have a clear understanding of 
the stabilization process. For this, we let U denote a complete complex G-universe, and V,W, X, . . . 
denote finite dimensional subrepresentations of dimensions VjW, x, . . .. 

Let BU{V) = GTy{U © V), and let Vy be the tautological bundle over this. These spaces form 
a direct system with structure maps 

BU{V) = Gt^{U © y) ^ Gr^+^{U ®V ®W) = BU{V © W). 

Let 

BU = colimwBU{W). 
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We let V denote the universal bundle over BU ^ so that V\bu{W) = '^w — W. The G-space BU 
classifies stable vector bundles of virtual dimension 0, and the G-space BU x Z classifies arbitrary 
stable vector bundles. 

2.C. Fixed points. It is straightforward to identify the //-fixed points of BU{n), BU{W), and 
BU. We do this two ways, by analyzing the Grassmannian model and by analyzing the homotopy 
functor represented by BU{n)^ . 

If is a compact Lie group, we write i/^ for the set of isomorphism classes of simple (complex) 
representations of H, so that if A is an abelian group then = Hom(A, T) is its group of 

characters. 

For a representation y of i/ we make the following definitions. We write U (V) for the group of 
unitary automorphisms of V, and we write Z{V) for the centralizer of H in U{V), so 

Z{V) = AutH{V) = {xe U{V)\xhx-^ = h for all h G H}. 

For S G H^, we define V5 to be the S'-isotypical summand, so 

^ Vs, 

and we set 

dsy = dimHom(S', y). 
By Schur's Lemma we have an isomorphism of //-modules 

BomH{S,V)0S ^Vs, 
where H acts trivially on Hom//(S', V), and an isomorphism of groups 

Aut//(l^)^ H Aut{RomH{S,V)) ^ J] U{ds,v). (2.2) 

The set of isomorphism classes of n-dimensional representations of H is 

Hom(//, ?7(n))/conjugacy. 
It is convenient to choose a set of representatives 

Rep„(//) C Hom(//,?7(n)). 

An //-fixed point of Gr„,(i/ © W) is an //-module of rank w, and so we have the function 

BU{W)^ = Gv^(U © W)^ Rep^(//) 

which sends a point to the representative of its isomorphism class. The function is surjective since 
U is complete, and the codomain is discrete, so for V G Rep^(//) we define 

Gr^(W ®W)C Gr{U © W)^ 

to be the component mapping to V. Specifying a point of Gr^ (W © W) is equivalent to specifying 
a point of Gv^^{Us © Ws) for each S eH^. 

Proposition 2.3. For any compact Lie group H there is an equivalence of nonequivariant spaces 
BU{nfc^ H BZ{V)= ]J n BU{ds,v). (2.4) 

y€Rep„(i?) y6Rep„(if) 5ei?v 

For the Grassmannian BU{W)^ , we have 

BU{W)" = GiyjiU © W)" = ]J Gr^{U © W) 
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and 

Gr^iUeW)= II G4^{UseWs)^ n BUiRomHiS,V)). 

First proof. The displayed equalities for the Grassmannian model give proofs. The only equivalence 
which has not already been spelled out is the last. Over 

Gv^^{Us(BWs) 

we have, forgetting the action of H, a contractible principal Aut(V5) bundle. The sub-group of 
automorphisms commuting with H is just C/(Hom/f(S', V)). □ 

Second proof. Since the -ff-space underlying BU{n) classifies ff-equivariant principal U (n)-bundles, 
it is clear that BU (n)^ classifies i?-equivariant principal U (n)-bundles over i?-fixed spaces Z. It 
suffices to consider one component at a time, so let us suppose we are given such a bundle n : P ^ Z, 
with Z connected. 

Recall that 

Aut(P/Z) ^ r(P xu(n) U{nf ^ Z), 
where U{nY denotes U{n) with the adjoint action. It follows that an action of H on P/Z is given 
by a section s of 

P x^(,) Hom(F, C/(nr) ^Z. (2.5) 
The set Yiom.{H ,U {nY) is discrete, and so the function 

m:Z^P x^(„) Rom{H, U{nf) * x^f^n) Hom(/7, C/(n)^) ^ Rep„(-H') 
is locally constant, and so constant. 
Let Z{m) be the centralizer 

Z{m) = {x E U {n)\xm{h)x^^ = m(h) for all h € H}, 

and let 

Q = {pe P\s{tt{p)) = {p,m)}, 

where (p, m) denotes the class in the Borel construction. Then 

tt\q : Q ^ Z 
is a principal Z[m) bundle, classified by a map 

f -.Z ^ BZ{m). 

It follows that 

BU{n)" ~ ]J BZ{V), 

and the more detailed description in (j2.4p follows from the isomorphism (j2.2p . □ 

Remark 2.6. In ^4.Al we use this analysis of BU{n)^ to give a splitting principle for T-equivariant 
vector bundles. 

Passing to limits we find the fixed points in the stable case. We define JU{H) to be the ideal of 
virtual representations of rank in the complex representation ring R(H). 

Proposition 2.7. There is an equivalence of nonequivariant spaces 

BU" ~ JU{H) X ]J BU, (2.8) 

where the product is topologized as the direct limit of the finite products. 
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First proof. The stabilization map is 

BU{Vf = Yl Gv^{U®V)^ W Gt^,{U®V ®W) = BU{V ®W)^. 

Tlius tlie components of BU^ are labelled by virtual representations of rank 0, the component 
Gt^{U e V) being labelled hyU -V. The stabilization map is the product over S € of 

BU{ds,u) = Gvjj^iUs e Vs) ^ Gius^wsi^s ®Vs(B Ws) ^ BU{ds,u+w). 
For each factor, the colimit is BU. □ 

Second proof. We classify virtual ff-equivariant bundles V on ff-fixed spaces Z. It suffices to 
consider one component at a time, and so we suppose that Z is connected. Schur's Lemma provides 
a decomposition 

HomH(5,y)(g)5, 

where now 

Homiy(5, V) 

is a virtual bundle of rank dsy (say). We then have the map 

W BU (2.9) 

which on the S factor classifies the virtual bundle of rank 

Yi.om.H{S,V) - dsye, 

where e is the trivial complex line bundle of rank one, with trivial ff-action. 
If Vs denotes the tautological bundle of rank over the S factor in (j2.9p , then 

r {^Vs0s)^V-Y,ds,vS. 

To recover V, then, we must add the element Yl dsyS G R{H). This shows that 

{BU X Z)^ ^ R{H) X Yl BU, 

with the universal bundle over the (Xls ^sS) summand being 

5^(Vs + ds) S. 

s 

V has virtual dimension zero if and only if 

dsy rank S = 0, 

s 

and so 

BU" ^ Jf/(i7) X Yl BU. 

□ 

9 



2.D. Classifying spaces for S'[/-bundles. Next we consider the classifying space BSU{n) of n- 
dimensional bundles with determinant 1. This can be constructed as ESU{n)/SU{n) where ESU{n) 
is the universal SU{n)-hee G x S'C/(n)-space. Alternatively, there is a fibration 

BSU{n) BU{n) BU{1) 

of G-spaces, where the map BU{n) — > BU{1) classifies the determinant. The H-&xed points can 
be calculated in the same manner as in Proposition 12.31 Let 

SRep„(-H') C Rom{H,SU{n)) 

be a set of representatives for Hom(iJ, S'C/(n))/conjugacy; and for V £ SRep„(-ff) let Z{V) be its 
centralizer in SU{n). The analysis leading to Proposition 12.31 gives the following. 

Proposition 2.10. For any compact Lie group H there is an equivalence 

BSU{nf ]J BZ{V). (2.11) 

VeSRepJH) 

□ 

Once again we may form the stable classifying space BSU as a direct limit 

BSU=^ coliuinBSUin), 

where the limit is now formed over addition of a cofinal collection of representations with deter- 
minant the trivial 1-dimensional representation e, such as those of form V (BV* . Again there is a 
fibration 

BSU — >BU ^ BU{1). 

Taking i?-fixed points we have 

BSU" BU" — > BU{1)^. 

If BU{l)f is the component of BU{1)^ corresponding to the trivial representation, 

JU2{H) = {y G JU{H)\dei V^e} 

is the subgroup of JU{H) consisting of virtual representations with trivial determinant, and BU^ 
is the set of components of BU^ corresponding to representations with determinant e, then we 
have a fibration 

BSU" — > BU^ — > BU{l)i' (2.12) 
with connected base, and an equivalence 

BU^ ~ JU2{H) X Yl BU. (2.13) 

Again, the components of BSU^ are all equivalent, and, taking components of zero, there is a 
fibration 

BSU^ BU^ BU{1)^ 

of connected spaces. 
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2.E. The tower over BU x Z. In the next two sections we study characteristic classes for equi- 
variant vector bundles, in light of the preceding analysis of their classifying spaces. One reason to 
do so is better to understand the spaces BU{2k} over BU x Z defined by the vanishing of the Borel 
Chern classes CQ,cf , and cf- It is the Thorn spectrum associated to BU{6} which maps to elliptic 
cohomology. 

It is perhaps surprising that the vanishing of Borel Chern classes plays such an important role in 
the relationship to elliptic cohomology. We note that the spaces BU{2k} also occur as representing 
spaces for the equivariant version of connective X-theory constructed in |Gre04j : see ^3.E[ This 
equivariant version of connective X-theory is complex orientable, and its coefficient ring classifies 
multiplicative equivariant formal group laws for products of two topologically cyclic groups (and 
in particular for the circle and all its subgroups). 

Nonequivariantly, BU = BU (2) is the 1-connected cover of BU x Z, BSU = BU{A) is the fibre 

of 

BU ^ K{Z,2), 
and BStringc = BU (6) is the fibre of the second Chern class 

BSU % K{Z,A). 

Borel cohomology classes, that is elements of H'^{X xq EG), correspond to G-maps 

f :X — > map{EG, K{Z, n)). 

We define spaces BU{2k} by the following diagram, in which the indicated horizontal arrows are 
Borel Chern classes, and each vertical arrow is the fibre of the following horizontal arrow. 

BStringc — BU{6} (2.14) 

i J3 

BSU — ^ 5C/{4} ^ap{EG, K{Z, 4)) 
BU BU{2} map{EG, K{Z, 2)) 



BU xZ — BU{0} — ^ map{EG, K{Z, 0)). 

We have used the notation BU{2k} instead of BU{2k) because the spaces in question are not 
equivariantly connected. We show in §3.DI that BU and BSU occur as indicated in (I2.14p . We 
define BStringc to be BU{Q}. 

To analyze ff-fixed points, we use the equivalence 

n 

map{EG,K{Z,n))" ~ map(5i7, A'(Z, n)) ~ i^(F^(SF), n - i). (2.15) 

i=0 



11 



Proposition 2.16. Taking H -fixed points in the diagram (j2.14p yields a diagram 



BString^ 

BSU^^-^^^^^K{H°{BH),A) x K{H^{BH),2) x K{H^BH),1) x K{H^{BH),0) 
QjjH ^''"''''^ ) K{H^{BH), 2) X K{H^{BH), 0) 

BU^ xZ — '^K{H%BH),0) 
in which again each vertical arrow is the fibre of the following horizontal one. □ 

We are particularly interested in the case that G = T is the circle, and H = A T is a 
closed subgroup. Such groups A have integral cohomology only in even degrees, so the factor 
K{H^(BA),1) is trivial, and = 0. We will describe the resulting maps as characteristic 
classes in Lemma 14.131 



2.F. Universal bundles. Because of the large number of universal spaces and universal bundles 
over them, we have found it useful to include a brief summary of our conventions. 

We write V{d) for the universal d-plane bundle over BU{d), and SV{d) for its restriction to 
BSU{d), which is the universal SU {d)-hundle. We write V for the universal stable bundle over 
BU, which is a virtual bundle of virtual rank 0. Its restriction SV to BSU is universal for virtual 
bundles of rank and determinant 1. Its pull-back StrV to BStringc is universal for Stringc- 
bundles. We have used distinct notation for StrV because of the central role it plays in our work. 

In the nonequivariant case, there is a single preferred map 

BSU{d) BSU 

classifying the virtual bundle SV{d) — d, and BSU is the colimit of these maps as d varies. In the 
equivariant case, we have for each complex represention of T with determinant 1 the maps 

i'w : BU{d) BU 
iw ■■ BSU{d) BSU 

classifying V{d) — W and SV{d) — W respectively. We let BStringc{W) be the pull-back in the 
diagram 

BStringciW) > BSU{d) > BU{d) 

(2.17) 

BStringc > BSU > BU. 

We let StrVw be the virtual bundle over BStringc{W) such that over the diagram (12.1 TP we have 
a diagram of pulled-back virtual bundles 

StrVw > SV{d) - W > V{d) - W 

StrV > SV > V. 
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As we discuss in ^2.BI and ^2.Dl as d and W vary, we obtain a compatible filtered direct system 
of BSU{d) approximating BSU. It follows that as d and W vary we obtain a diagram of spaces 
BStringc{W) approximating BStringc- 

3. Characteristic classes of equivariant bundles 

In this section we briefly discuss characteristic classes for a general compact Lie group of equiv- 
ariance, and we show that BSU ~ i?C/{4}. In the next section we analyze more closely the case of 
a circle. 

3. A. Nonequivariant Chern classes. We write q for the usual Chern class in H^^BU, so 

H*{BU) = Z[ci,C2,...]. 

We write 

c.{V) = l + Cl(y) + C2(y) + ••• 
for the total Chern class, and recall that it is exponential in the sense that 

c,{V®W) = c,{V)-c,{W), 

so we may extend c, to virtual vector bundles by the formula 

ciV - W) = c,{V)c,iW)~\ 

Remark 3.1. It is convenient to record the behaviour of ci and C2 on a difference of actual bundles. 
It is immediate that ci is additive, so that 

ciiU -V) = ci{U)-ciiV). 

For C2 there is a correction term: 

C2(C7 -V) = C2{U) - C2{V) - ci{V)ci{U - V), 
but this simplifies to additivity when ci{U — V) = Q. 

Let X be a G-space, and suppose that F is a complex G-bundle V of rank n over X. If it 
happens that X is if-fixed, then we have an isomorphism of if-bundles 

Hom(a,y)®a, 

where on the one hand a is trivial as a non-equivariant bundle over X and on the other IIom(a, V) 
denotes maps of iJ-representations, and carries a trivial /f-action. We may define Chern classes 
cf{V) by the formula 

cr(y) = c,(Hom(a,y)). (3.2) 

If 1^ is a virtual complex vector bundle of rank over X, then it is classified by a map 

[V]:X^ BU. 

If H acts trivially on X, then we write 

[V, H]:X^ BU" 
for the indicated factorization. The decomposition 

BU^ ^ JU{H) X JJ BU, 

13 



of Proposition 12.71 gives an isomorphism 

H*{BU")^ Yl Z[c?,c^,... |a G i/^^l. (3.3) 

veJU{H) 

The notation in (j3.3p is consistent with the notation in ()3.2p in the sense that 

cnv) = [v,Hnc?)- 

where on the right cf is taken from the appropriate factor of BU^ . The double brackets in (j3.3p 
refer to the completion arising from the fact (see Proposition l2.7p that the topology on the product 
in the description of BU^ is the direct limit of finite products. So the infinite sum 

^ G H\BU'^) 

is allowed, but the sum 

n 

makes no sense. 

3.B. Borel Chern classes. The G-Borel construction on 1/ is a virtual complex vector bundle 
V Xq eg over X xq EG, classified by 

[[V]]: X xgEG ^ BU. (3.4) 
The Borel Chern classes of V are defined to be 

cf(V^) = [m]*(Q). 

If X is ff- fixed, then there is a standard way to relate the Borel Chern classes to the c". Notice 
that there is an isomorphism 

B : Repi(i?) = Hom(i7, T) ^ [BH, BT] = H'^{BH), (3.5) 
via which we have, for a G H"^ , 

cf{a) = Bdeta. (3.6) 

Lemma 3.7. If V is an equivariant G-hundle over an H-fixed space X, then in H^{X x BH) we 
have 

cf (y) = ^ rank(a)c5'(y) + rank(Hom(a,y))5det(a). (3.8) 

Proof. By reducing to the universal case X = BU{n) , we may assume that H^X = 0. Recall that 
we have the isomorphism of i7-bundles over X 

Rom{a,V)0a^V. 

This gives 

V XhEH^ Hom(a, V)®{aXH EH) 

since H acts trivially on Hom(a,y). Taking determinants gives 

dei{V Xh EH)^ JJ dei{YloiTi{a,V) ® {a xh EH)). (3.9) 

By definition, c"(y) = ci(Hom(a, F)), so the result follows from (j3.6p . (|3.9p . and the formula 

ci{V®W) = rank(y)ci(VF) + ci(y)rank(H^). 
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3.C. BU as a split G-space. The Borel Chern classes have another less familiar description which 
will be useful in ^3.Ei Let BU be the stable Grassmannian associated to the trivial G-universe 
so that Z X BU is a representing space for non-equivariant K-theovy. The inclusion 

induces an equivariant map 

rj-.mJ^BU, 

which is easily seen to be a non-equivariant weak equivalence: this is a space-level expression of 
the fact that the equivariant complex if-theory spectrum is a split ring spectrum. It follows that 
the induced map 

T]* : H*q{BU) H*q(BU) ^ H*{BU x BG) 

is an isomorphism. 

If V denotes the tautological bundle over BU , then the map [[V]] in (13. 4p can be regarded as a 
map 

[[V]] : BU xaEG^mJ, 
and it is easy to check that the diagram 

ml X BG 

arojection 




BUxgEG >BU 

commutes up to homotopy. Thus we have the following. 

Proposition 3.10. The Borel Chern classes (P are uniquely characterized by the fact that, under 
the splitting 

r]:mJ^BU, 

they pull back to the ordinary Chern classes. That is, for each k we have 

* B 
V Ck =Ck 

in H'^^iBU X BG). □ 

3.D. Comparison of BSU and BU{A}. We explain how the G-spaces BU x Z,BU and BSU 
fit into a diagram as displayed in ^2.E[ Since map(SG, if (Z, 0)) ~ K{1i,0), Cq is a bijection on 
components, and so the space BU is the fibre of Cq . 

For the next stage, observe that if L is the tautological line bundle over BU{1), then 
cf(L) G H'^{BU{1) xgEG) ^ [5[/(l),map(SG,if(Z,2))]. 
The definition of the first Borel Chern class implies that the diagram 

BU — >BU{1) (3.11) 




map(£;G,if(Z,2)) 

commutes. 
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Proposition 3.12. fStr] The G-map 

BU{1) map(SG,i^(Z,2)) 
corresponding to Ci{L) is a weak equivalence, and so induces a weak equivalence 

BSU ~ 5C/{4}. 

Proof. Proposition 12.31 shows that, for each compact subgroup H CG, 

BU{1)^ ~ Repi(i/) X K{'L,2). 
At the same time, since H is compact, H^{BH) = 0, and we have 

map{EG,K{Z,2))" ~ K{H^{BH),0) x K{Z,2). 
In terms of these isomorphisms. Lemma 13.71 shows that 

(cf )^ = Bxid: Repi(i/) x K{Z, 2) ^ K{H^{BH), 0) x K{Z, 2), 
where B is the isomorphism (jS.Sp . □ 
Remark 3.13. This gives another proof that the natural map 

PicG(X) 

is an isomorphism, where PicG(-^) is the group of equivariant hne bundles over X (Atiyah and 
Segal HSOU). 

3.E. The spectrum M String^. Associated to the spaces BU, BSU, and BStringc over BU we 
have Thom spectra MU, MSU and M String^. The spectrum MU is easily seen to be an E^o 
ring spectrum since it comes with an action of the linear isometrics operad. We turn to MSU and 
M String^. 

Proposition 3.14. The spectra MSU and M Stringc are Eao-ring spectra. 

Proof. It suffices to show that BSU and BStringc are infinite loop spaces over BU, and so it 
suffices to show that the Borel Chern classes cf and cf arise from maps of spectra. 

In |Gre04j . the second listed author defined the G-equivariant connective X-theory spectrum ku 
to be the pull-back in the right square of the diagram 

k^ >ku >K (3.15) 



map^(£'G+, ku) > map^{EG+, K). 

Here ku (respectively K) is the inflation of the non-equivariant connective /C-theory spectrum 
(respectively the equivariant periodic iiT-theory spectrum), and the bottom arrow is induced by the 
composition 

ku ^ K ^ K, 

obtained using the fact that periodic complex i^-theory is split. Note that the construction implies 
that, as we have indicated, ku is split. 

As explained in |Gre04j , by looping down the diagram ()3.15p we obtain diagrams of the form 
BU > BU > BU 



map^{EG+,BU) > map^{EG+,BU) 
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and 

'BSU > BSU > BU 

map^{EG+,^SU) > map^{EG+, BU) 

Already this exhibits BSU as an infinite loop space over BU, but to compare to the tower for 
BU{4:}, we observe that the map 

m ^ BU ^ map^{EG+,BU) -> map,(SG+, K{Z,2)) 

represents ci (8) 1 in H^{BU x BG), and so Proposition 13. lOl implies that the composition 

BU ^ map,(^G+,M7) -> map,(^G+, K(Z, 2)) 

represents cf , as required. An analogous argument shows that the composition 

BSU ^ map^{EG+,mU) map,(^G+, i^(Z, 4)) 

represents cf • In particular, this is an infinite loop map, and so exhibits BStringc as an infinite 
loop space over BSU. □ 

4. Characteristic classes for T-vector bundles 

In this section, we focus on the special case G = T, and we write A for a general closed subgroup 
of T. We have two goals. The first is to give an equivariant form of the splitting principle, so that 
in §8.BI we can identify some characteristic classes of A-equivariant bundles over ^-fixed spaces. 
The second is to record the calculation of the Borel Chern classes. These will be used throughout 
the remainder of the paper. 

Because we use multiplicative notation in and additive notation in H'^{BA) we write 

log : A H^{BA;Z) 

for the first Chern class isomorphism between them. 

We write z for the generator of H'^{BT) corresponding to the natural representation of T, and 
also for its restriction to H*{BA). Over a T-fixed base, we always have 

H*{X XT ET) = H*{X) ^ H*{BT) ^ H*{X)[z], 

and our notation will reflect this. If yl = T[n\ and X = X^, we still have 

H*{X XA EA) ^ H*{X)[z]/nz, 

provided H*{X) is concentrated in even degrees. 

4. A. Reductions and the splitting principle. In this section we describe the cohomology rings 
H*{BU{n)'^) and H*{BSU{n)^;Q) using the splitting principle. We start with U{n). Since A is 
abelian, we may choose our representatives m S Rep„(A) of IIom(A, U{nY)/U{n) to be of the form 

m: A^T, (4.1) 

where T is the maximal torus of diagonal matrices. If m is such a homomorphism, then its central- 
izer 

Z{m) = {g £ U{n)\gmg~^ = m} = [/(rankHom(Q;, m)) 
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is a product of unitary matrices. In particular, it is connected, with maximal torus T. We define 
W{m) to be the Weyl group of Z{m) with respect to the torus T; it is a subgroup of the Weyl 
group of T in U{n). With these choices. Proposition 12.31 takes the following form. 

Proposition 4.2. 

BU{n)^ ~ ]J BZ{m), 

mGRep„(yl) 

and so 

mGRep„(A) 

Example 4.3. Any homomorphism T — )• U{n) is conjugate to one of the form 

z ^ m(z) = diag(z'"i , . . . , , , . . . , . . . , . . . , ), 
where the rrii are integers, rui < rrij for i < j, occurs di times, and 

'^di = n. 

i 

Then Z{m) is the group of block-diagonal matrices Y\iU{di), with maximal torus T and Weyl 
group Ui^dr 

Recall that in the isomorphism of j4-bundles 

y ^ Hom(Q,y) ®a, 

A acts trivially on Hom(a, V), while the bundle underlying a is a topologically trivial line bundle. 
Thus if 

Hom(a, V) = Lie ■ ■ ■ (B Ld 

as a non-equivariant bundle, then 

Hom(a, V)(^a = Li(^a(B---®Ldea 
as a bundle with A-action. Proposition 14.21 implies the following form of the splitting principle. 

Lemma 4.4. Let V be an A-equivariant vector bundle over an A-fixed space X. The splitting 
principle holds in the sense that there is another A-fixed space X' and a cohomology monomorphism 
X' — > X so that over X' we may write 

da 

QgA^ 1 = 1 

where La^i is a line bundle with trivial action, and a describes the A-action. Moreover in the 
universal case, if Xa,i = ciLa,i, then the image of H*X in H*X' consists of the expressions in the 
Xa^iS which are invariant under the evident action of 

a 

□ 

Proposition 14.21 like its parent, is phrased in terms of a choice of representatives for 

Rom{A,U{ny)/U{n). 

It will be important to have a more invariant expression, which also applies to SU{n). So let F 
stand for one of these groups, and let T be a maximal torus, with Weyl group W . 
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Suppose that 

vr : P — >X 

is an A-equivariant principal F-bundle, over a trivial A-space X. The action of j4 on P corresponds 
to a section 

s:X — > P XrHom(y4,r'=). 

giving a function 

f : X — ^ P xr Hom(^,r'=) — > Hom(^, r'=)/conjugacy. 
Definition 4.5. A reduction of the action of A on the principal bundle P over X is a function 

m : ttqX -> Hom(A, T) 

making the diagram 

X — ^ Hom(y4,r'^)/r 



TToX Hom(y4,r) 
commute. Note that a reduction always exists, because the right vertical arrow is a surjection of 
discrete spaces. 

This definition is convenient for analyzing principal F-bundles over not-necessarily connected 
spaces. In the following discussion, though, we suppose that X is connected, leaving the modifica- 
tions for general X to the reader. 

Let Z{m) C r be the centralizer of m in T. It is important to note the following. 

Lemma 4.6. With T = U{n) or SU{n), for any m : A ^ T, the centralizer Z(m) is connected, 
with maximal torus T. 

Proof. For T = U{n) this is clear, since Z[m) is a product of unitary groups (see Example 14. 3p . For 
SU (n), it is a result of Bott and Samelson [BS58tiBT89j that for any simply connected compact Lie 
group F, the centralizer of any element is connected. The maximal torus is T, since T is maximal 
in F. □ 

Let W{m) be the Weyl group of Z{m); it is a subgroup of W. Any other reduction m' : A ^ T 
is of the form 

m' = wm 

where w £ W, and 

wm = m 

if and only if w S W{m). 

The reduction m determines a principal Z(m)-bundle Q{m) over X, by the formula 



Q{m) = {p E P\stt{p) = {p,m)}. 

This is classified by a map 

gm ■■ X — > BZ{m). 

By the splitting principle, 

H*{BZ{m);Q) ^ H*{BT;Q)^'^"'\ 
and so an element H of the right hand side gives an element 

g*^E€H*iX;q). 
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Proposition 4.7. Let T = U{n) or SU{n) as above. Let A be a closed subgroup of T. Then 
i7*(i?r^;Q) is isomorphic to the ring 

Homvi/(Hom(A, T) , H* {BT; Q)) 

of W-equivariant functions. More explicitly, it consists of functions 

E : Hom(A,r) ^ H*{BT;Q) 

such that 

(1) for each m G Hom(^,r), H(m) G H*{BT;(Q)^^"'\- and 

(2) for weW, 

E{m) = w*E{wm) G H* {BT;Q)^^"'l 

Ln particular, any such function E determines a characteristic class of A-equivariant complex vector 
bundles over A-fixed spaces, by the formula 

where m : ttqX — )• Hom(A, T) is any choice of reduction of the action of A on V/ X. For T = U{n), 
the analogous statements for integral cohomology are true as well. 

Proof. Another choice of reduction m' determines Z{m'),Q{m'), and Qm' as above, and there is an 
element 

w G W{m')\W/W{m), 

determined by the formula 

m' = wm G Hom(^,T) 

and making the diagram 

X^^BZ{m) 



9m' 



BZ{m') 



commute. Thus if 



then 



■ (m) = w*E{m') G H*{BT) 



W{m) 



{g^,YE{m')=g*^E{m)eH*X. 



□ 



Remark 4.8. The main ingredient in the argument is the splitting principle for BZ{m), so one 
needs to know that Z{m) is a connected compact Lie group. Thus the result of Bott and Samelson 
|BS58j implies that the Proposition holds rationally for any simply-connected compact Lie group. 

Remark 4.9. The results of this section and of Proposition 12.31 say that the components of BT^ 
are labelled by elements of 

Hom(^,r'=)/r, 

where F*^ denotes F as a F-space with the conjugation action. A choice of representative m : A 
identifies the corresponding component with BZ{m). One way to work with BT^, then, is to 
fix a set of representatives. Elsewhere in this paper, particularly from Section [7] onwards, it is 
essential not to do so, because we must understand the behaviour of our characteristic classes 
under restriction 

BT'^ BT-^, 
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which leads us to consider diagrams hke 



A 




Our approach is to give formulae which work for any m : A ^ T and which are compatible with 
the action of W by conjugation. Proposition 14.71 tells us how to do this. When we write that a 
homomorphism m : A ^ T "labels a component of i^F"^", we mean that we use m to identify its 
component with BZ{m). 

4.B. Chern classes of T-bundles. Our calculation of Chern classes uses the splitting principle 
(Lemma 14. 4p to deduce the general case from the following result, which is a specialization of 
Lemma 13.71 

Lemma 4.10. If L is a line bundle over an A-fixed space, and if a & A'^ , then 

cf (L (g) q) = ci(L) + log(Q) • z. 

Proof. The only point is to observe that, under the decomposition 

BU^ ~ JU{A) X Yl BU, 

of Proposition 12. 7| the map classifying L®a maps to the a factor of BU as the map classifying L, 
and to the other factors trivially. That is, 

c°(L (g) a) = ciL, 

while 

for /3 / a. □ 

Now suppose that V is an j4-equivariant vector bundle over an j4-fixed space, and that after 
pulling back along a cohomology monomorphism X' ^ X we have 

V ^Ll®al + ■■■ + Ln®an■ 
T\^en 

(^) = + + iog(«o^)- (4-11) 

i 

This gives a calculation of the first and second Borel Chern classes. In order to state the result, 
we introduce the following quantities. Suppose that m = (mi, . . . , m^) and m' = {m'^, . . . , m'^) are 
arrays of elements of i? = Z or Z/n (in our applications, m,m' G Hom(A, T)). Let 

(p{m) '= — mirrij 

i<j 

I{m, m') '= — mim'j. 

Similarly, if (xi, . . . are elements of a i?-module X, then 

/(m, x) '= — rriiXj. 
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We have chosen the signs of (j) and / so that the right hand sides appear with positive sign in 
the following. 

Lemma 4.12. (1) (j) is quadratic, I is symmetric and bilinear, and 

(p{m + m') = (f){m) + /(m, m') + (j){m'). 

(2) IfY^mi = 0, then 

I{m,x) = miXj. 



(3) If^rui = then, then 



20(m) = 



mf. 



Lemma 4.13. Writing nii = log(aj) and Xi = ci(Lj), we have 

cf{V) = c,{V) + {J2m,)-z 



and 

In particular. 



cf{V) = C2{V) - I{m,x)z - ct){m)z^ 



Ifcf{V) = then 

Ifcf{V) = ^ and A = T, then 



4{v) = 


ci{V) 


4iv) = 


i 


4{v) = 




cliV) = 


—I{m, x) 


4{v) = 


—(j){m). 


4{v) = - 


- ^ rUiXi 


4{v) = - 





□ 



(4.14) 
(4.15) 



Proof. The expressions for cf and cf follow easily from the product formula (j4.1ip . If cf{V) = 0, 
then ^j^rui = 0, and the formula (j4.14p follows from Lemma l4.12i Finally, if we note that in the 
universal case 2 is not a zero divisor, (j4.15p also follows from Lemma |4.12[ □ 

Applying Lemma 14.131 to the universal bundle V over BU"^, using the splitting of Proposition 
12.71 we have the following, which will be useful in Section El 

Proposition 4.16. Let 

V = 'Y daO 

he an element of JU {A) . In the V factor of 

H*{BU^)^ n Zlc?,cf,...|aG^^l, 

W€JU{A) 
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we have 

c?(V) = J^c? 

a 
a 

IfV^ JU2{A), then in the V factor of BSU^, we have (for any fixed ordering on ) 

a a<fi 

ci(V) = 5]log(aK. 
a 

Proof. Let Vq denote the universal bundle (of rank 0) over the a factor of BU in (j2.8p . Then the 
universal bundle over the V component of BU^ is (see the second proof of Proposition I2.7P 

V = E Va®OL + E daa. 
a a 

The formulae in the Proposition follow from this and Lemma 14.131 □ 
5. The cohomology of connective covers of BU x Z 

The long exact sequence ()6.4p we use to calculate the T-equivariant elliptic cohomology of X 
involves the (rational) Borel (co) homology of X"^. In this section we carry out the calculation for 
X = BU{2k} with fc = 0, 1, 2, 3. The main point is that the ordinary cohomology of the fixed set 
is concentrated in even degrees, so the Serre spectral sequence for the Borel cohomology collapses. 
For the case A; = 3 this requires the use of rational coefficients. 

5. A. Components and simple connectivity. Let G be a compact Lie group. We recall that 
JU{G) is the augmentation ideal of representations of virtual dimension zero in the complex rep- 
resentation ring RU{G) of G. 

Lemma 5.1. If A is finite cyclic or the circle group then 

TTo{BU{2k}^) = JU{Af for A; = 0, 1, 2, 3. 
All components of BU{2k}'^ are homotopy equivalent. 
Remark 5.2. For general groups G it is more natural to expect 

T:Q{BU{2k]^) = JUk{G) for A: = 0, 1, 2, 3, 

where JUk{G) is the ideal generated by the representation-theoretic Chern classes ci{V) for I > k. 
If G is abelian then JUk{G) = JU{Gf. 

Proof. The equivalence between the components comes from the H-space structures. We carry out 
the ttq calculations. Since all homotopy groups of map(i?j4, i^(Z, 2n)) are in even degree, we have 

2fc 

Tro{BU{2k + 2}) Tro{BU{2k}) ^ H^''{BA) 

as in the diagram of Proposition 12.161 By definition Cq is the dimension and surjective, and so 
7To{BU^) = JU{A). 

Lemma |4. 131 implies that 

cf : JU{A) = TTo{BU^) H^{BA) = A"^ 
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is the determinant. This is surjective, and TrQ{BSU'^) is the ideal JU2{A) consisting of elements of 
JU{A) with determinant 1. It is easy to check 

JU{Af C JU2{A) C JU^iA), 

and it remains to show that JU2{A) C JU{A)'^. 

We may do this explicitly as follows (the argument is due to Neil Strickland). First note that an 
arbitrary element x of JU2{A) is of the form 

X = ai e • • • e - /3i e • • • e /3s, 

where the Oi and /3j are the classes of one-dimensional representations, and 
Notice that 

(1 - /3i)(l - /32) + (1 - /3i/32)(l - /33) = 2 - /3i - /32 - /33 + ^2(^3 
This has the generalization 

s-l j s 

- n - z^^'+i) = - 1) - — + n 

j=l k=l j=l 

Let us write n{(3i, ... ,/3s) for this element of JU{A)'^. Then 

X = n(/3i, ...,f3s)- n{ai, ...,as) £ JU{A)'^. 

Finally we have 

4 ■■ JU^iA) = TToiBSU^) H^{BA) = Symm2(A^). (5.3) 
When ^ is a compact abelian group, the isomorphism 

RU{A) ^ Z[A"^], 

identifies JU{A) with the augmentation ideal /(A^), and it is not difficult to check that the map 

4 : JU{Af H^BA 

factors as 

/(^v)2 ) symni^ (5.4) 



I{A''f/I{A''f, 

where the vertical map is the one induced by the fact that, for any abelian group B, the map 

BxB ^ I{Bf/I{Bf 

sending [x, y) to the class of (1 — x){l — y) is symmetric and bilinear. For any abelian group, this 
vertical map is an isomorphism jPas791 Theorem 8.6], and so the kernel of the horizontal map is 
I{A^f ^ JU{Af. □ 

Remark 5.5. For general G and k = 2 we may prove the result indicated in Remark l5.2l as follows. 
Using the fact JU2 is an ideal we may assume det U = det V = 1 and hence x = {U — n) + {n — V) 
is a sum of two elements of JU2- Now [/ — n is the pullback from SU{n) of U — n where U is 
the natural representation, and this is the pullback of U — {6 + n — 1) from U{n), where 6 is the 
determinant of U. This universal case follows from the calculation of kui^^"^ in [ Gre04j . 
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Lemma 5.6. If A is finite cyclic or the circle group, all components of BU{2k} are simply 
connected. 



Proof. The non-equivariant simple connectivity of BU is well known, and implies that of the com- 
ponents of BU^ X Z and BU^. For BSU^ it follows from the surjectivity of 

c? : BU^ K{H^{BA),2) 

in 712, which is a consequence of Lemma [4.101 and the well-known non-equivariant case. For BU{Q}^ 
it suffices to show the surjectivity of 

vr2(c2) : ■K2BSU^ tt2K{H^{BA),2) = H'^{BA). 

Notice that the map 

BT K{H'^BT,2) 

corresponding to a generator of H^BT is an equivalence, and that the natural map 

K{H^BT, 2) ^ K{H'^BA, 2) 

is an epimorphism in 7:2- In particular, for every element x € 'ir2K{H'^BA,2) = H^BA, there is a 
line bundle L over 5^ such that the map 

52 BT ^ K{H^BA,2) 

represents —x. 

Recall that we have chosen a generator z of H^BT, and let a € be a generator, so that 

Ba*z G H'^BA 

is a generator (which we will also call z). Now consider the virtual ^-bundle 

W = {1 - L){1 - a) = 1 - L - a + L (g) a. 
over S^. Its Borel Chern class is 

cf (W) = — ^.^ ^ ^ = 1 + XZ + degree 6. 
(1 - x){l + z) 

In particular, it is an SU bundle whose C2 component is x. Thus we have a commutative diagram 



BSU^^^KiH\BA),2) 
w 

showing that C2 is surjective in 7r2. □ 

5.B. Homology and cohomology of fixed points of BSU. The cohomology ring of BU is well 
known to be polynomial on the Chern classes, so that 

H*{BU^)= JJ Z[c^c^,...|q G^'']. 

V(^JU(A) 

We note that the usual calculation of H^,{BU) in the nonequivariant case generalizes to give 

H,{BU^) = SyuiuiH,{BU{lf) = Z[p^,p^,...\ae ^^][J[/(^)], 
where (3f is the basis dual to {c^y in H*{BU{1)^). 
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For BSU we consider the fibre sequence BSU^ — > BU^ — > BU{l)j of (I2J2I1 and tlie decom- 
position 

BU^ ~ JU2{A) X W_ BU 

of ()2.13p . If y € JU2{A), we write BUy for the corresponding component of BU^. Recall from 
Proposition 14. 161 that the generator of H*{BU{l)f) acts as Sq,c". 

It follows that H*{BUy) is flat as a module over H*{BU{1)'^) for each V and hence the Eilenberg- 
Moore spectral sequence gives 

H\BSU^) = TL 0H*{BUii)^) H*iBU^). 

This means that each component of BSU^ has polynomial cohomology in even degrees. Dually, in 
homology we may deal with all components at once to find 

H,{BSU^) = RomH*(^BU(i)^){^,H,{BUf)). 

The Serre spectral sequence gives exactly the same calculation if we consider the fibration 

K{Z, 1) — > BSU"^ — > BUf. 

5.C. Homology and cohomology of fixed points of BU{Q}. To continue, we suppose that A 
is either a finite cyclic group C or the circle group T, so that H'^[BA) = = H^{BA). Thus have 
a fibration 

BU{6}^ BSU^ K{H°{BA),A) x K{H^{BA),2) x K{H^{BA),0). 

As for BSU, we may trim away the component group in the base by letting BSUg consist of the 
components indexed by representations in 

JU{Af = KeiiTToBSU^ H^BA). 

Then we have a fibration 

BU{<o}^ — > BSUi K{H^{BA),A) x K{H'^{BA),2) 
with connected base. All components are equivalent, and we have a fibration 

BU{&}^ — > BSU^ — > K{H^{BA),A) x K{H^{BA),2) 

of connected spaces, where the subscript indicates the component of the bundle. 

For the purposes of this paper, it is sufficient to work over the rationals, so that K{H^{BA),4:) 
and K{H'^(BA),2) have polynomial cohomology. 

We deal separately with the case ^ = C is finite and the case ^ = T. In the first we even have 
H'^{BC; Q) = 0, and so the rational fibration 

BU{6}^ BSU^ K{q,4). 

Now H*{K{Q,4);Q) = Q[c2], where C2 acts as its name suggests by 

a a<l3 a a 
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for any fixed ordering on (see Proposition I4.16p . Since C2 can be chosen as a polynomial 
generator of H*{BSUg) we obtain 

H*{BU{6}^) = Q 0Q[,o] H*{BSUg) = H*{BSU^)/{4) 
H*iBU{6}^) = Q ^Q[,0] H*{BSU^) = H*{BSU§)/{cl) 
H.{BU{Q]'i) = HomQ[,o](Q,//,(55C/o^)). 

We note that the cohomology ring of each component is polynomial and in even degree. 
When A = T we have 

BU{<oY BSU] K{Q,4) x if(Q,2), 

and note that H*{K{Q, 4) x K{Q, 2); Q) = Q[c2, c^] where C2 and act as indicated in Proposition 
14.161 Since C2 and generate a tensor factor Q[c2, c^] we obtain 

H*{BU{6}1) = Q%eO,ci] H%BSUl) = H*{BSUj)/{clcl) 

and 

H4BU{Q}1) = HomQ[,o,,|(Q,F,(i?5t/^)). 
Once again, the cohomology ring of each component is polynomial and in even degrees. 



5.D. Borel homology and cohomology. The long exact sequence we use to calculate the elliptic 
cohomology of BU{2k} involves the rational Borel (co)homology of BU{2k}^. We continue the 
convention that A is a finite cyclic group or the circle, and we continue to work with rational 
coefficients. 

Proposition 5.7. For k < 3, the A-fixed point spaces of X = BU{2k} have cohomology in even 
degrees. Each component has polynomial cohomology. As for Borel homology and cohomology, there 
are isomorphisms (non- canonical unless A = T) 

H^iX^) = H*{X^)[z] 



and 

hJ{X^) = H^iX"^) ® H^{BT). 

Moreover, the natural map 

H^iX^) ^ H^iX^) (5.8) 

is injective. 



Proof. All the spaces X = BU {2k} for k < 3 have components whose cohomology is polynomial 
and in even degrees. Accordingly the Serre spectral sequence calculating the T-equivariant Borel 
cohomology of one component collapses and shows the Borel cohomology is isomorphic to a tensor 
product of H*{BT) and the polynomial cohomology ring. When A is finite, this involves choosing 
lifts of the polynomial generators of H*{Xy) to Hj{Xy). Since the map X'^ — y X^ is injective 
in cohomology, it follows that (jS.Sp is as well. Similar arguments show that the Borel homology 
spectral sequence also collapses to give the isomorphism of /7*(i?T)-modules 

hJ{X^) ^ H^{X^) ® H^{BT). 

□ 
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Part 2. Elliptic cohomology and the sigma orientation 

In this part we turn towards elUptic cohomology and the sigma genus. First, in Section [6] 
we introduce notation for discussing the geometry of an elliptic curve, before summarizing the 
relevant properties of equivariant elliptic cohomology from [GreOSj . The sigma genus is most easily 
introduced for T-fixed spaces and generic points on the curve, because the role of the topology and 
geometry is largely unlinked: we discuss this in Section [71 Finally, in Section [8] we turn to the more 
subtle question of how to deal with points with finite isotropy and torsion points on the elliptic 
curve; this is where intricate vanishing and transformation properties of sigma functions enter into 
the proof. 



6. Properties of equivariant elliptic cohomology 

6. A. Geometry of the elliptic curve. In this section we summarize the relevant properties of 
the T-equivariant elliptic cohomology defined in [GreOSj . We begin by introducing notation to 
describe the elliptic curve. Let C be a rational elliptic curve 



C^S 

with identity and structure map p, over an affine Q-scheme S. 

We write O for the structure sheaf of C, and for a divisor D, the sheaf 0{D) consists of functions 
with Div(/) + D >0. We write IC for the constant sheaf of meromorphic functions on C with poles 
only at points of finite order. 

For any n > 1 we write C[n] = ker(n : C — > C) for the subgroup of points of order dividing 
n and C{n) for the scheme of points of exact order n. It is convenient to index certain divisors 
by representations of T. Given a representation V with V"^ = we write V = ^„ anz"', and take 
^{^) = J2n OnC'N- Thus we have 

IC = colimyj^QO{D{V)). 

Next, we write /C^ for the functions regular on C{n) (this is also the ring Oc'(n)), and T„C = 
JC/K-n for the sheaf of principal parts of functions on C{n); this can also be described as the local 
cohomology group H^^^^^{C). We set 

n 

For a finite subgroup A = T[n], it is the topology of which controls the behaviour of the 
equivariant elliptic cohomology of X near C (n) . As a consequence we adopt the convention that 

C{A) = C{\A\) 

TaC = TnC 
Ca = ^C{A) ■ 

We write = il.c ^oi the sheaf of Kahler differentials, and il.^'^ for its d}^ tensor power. We 
write 

for the O^-module of invariant differentials. If t is a coordinate on C (i.e. 0*dt is a generator of 
0*r2), then we write Dt for the associated invariant differential. 
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Our analysis will involve expressions of the form f{Dt)^, where / is a meromorphic function on 
C; this may be regarded section of 

We write cj* for the graded sheaf of tensor powers, and similarly for Q^. Since C is a one-dimensional 
group, Dt trivializes Oc", and multiplication by Dt gives periodicity for any graded sheaf M (^o ^c- 

We will identify the constant sheaf /C and its twists by differentials with their modules of global 
sections. That is, we will generally not distinguish in our notation between 

and 

r(/C0O^) ^ r(/c ®opV)- 

6.B. Coordinate data. We recall that to give a T-equivariant elliptic spectrum we specify not 
only an elliptic curve C but also "coordinate data": this is a collection of functions ti, . . . ,ts, ■ ■ ■ , 
where tg £ ^c'{s) vanishes to first order at each point of C{s). 

One way to do this was introduced in [GreOS j. We choose a section ti of ICc which is a coordinate 
at the identity of C. Note that setting T> = Div(fi) and uj = Dti is a bijection between such sections 
and pairs {T>,uj) consisting of a non-vanishing invariant differential co and a divisor V = Y2''^pi-^) 
satisfying 

(1) degP = 

(2) E''[np]{P) = 

(3) np = unless P is a point of finite order of C 

(4) no = 1. 

The first three conditions imply that there is a meromorphic function € /C with Divti = T>; the 
last condition implies that ti is a coordinate at the identity. 

In this paper we work with a complex elliptic curve C = C/A, in which case, if P is a choice of 
lifts to C of the points of T>, then we can take 

t,iz) = llaiz-Pr^, 

p 

where a is the Weierstrass sigma function (in the form described in Subsection 17. Al below) . 
Next, for s > 1 we define tg to be the meromorphic function with the properties 

(1) Div(t,) = C(s)-|C(.)|(0) 

(2) (tf <'>lt.)(0) = 1. 



In our complex case, if C{s) C C is a set of lifts of the points of C(s), then 

t(z)-x n^^^"^""^^ 

where is a constant easily expressed in terms of values of the sigma function. 

However we choose the coordinate data, the important point is that we use tg/Dti to make 
TgC ® uj^ into a torsion Q[c]-module: for / (g) w € TgC ® uj*(j, we take 
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6.C. Spheres and line bundles. Let y be a virtual complex representation of T, and suppose 
that V'^ = 0. The spectrum EC is constructed so that 

EC%{S^) = W{C; 0{-D{V))) 

for i = 0,1. Twisting by a trivial representation of rank 1 is equivalent to a double suspension, and 
as in the non-equivariant case this introduces a twist by the Kahler differentials, giving 

ECtf^^iS^) = H\C; 0{-D{V)) (O^)®'^) 

ECj,_,iS'') = H\C; 0{D{V)) ® (Oj.)^'^). 

6.D. Localization and completion. Elliptic cohomology satisfies a localization theorem and a 
completion theorem. 

Let J- be the family of finite subgroups of T. Recall that there is a universal space ET for 
T-spaces with isotropy in characterized by the fact that its fixed points under finite subgroups 
are contractible, whereas E^'^ = 0. This is related to the join EJ^ = * ET by the cofibre 
sequence 

ET^ -^S^ ^ EF. 

It is convenient to use the models 

EF= S{V)ixnAEF= \J 5^, 

where SiV) is the unit sphere in V and 5^ = 5" * S{V) is the one-point compactification of V . 
The usefulness of these spaces arises since for any based T-space X, the inclusion X induces 

a weak equivalence 

X'^ hEF ^ X ^ EF. 

The corresponding statement holds for spectra if we use geometric fixed points, but we restrict to 
spaces so we can retain familiar notation. 

Lemma 6.1. For any T-space X we have 

ECl{X A EF) = H^X'^; /C J^^), 

and the corresponding result holds in cohomology under the assumption that X is a finite complex. 
The corresponding statement holds for spectra if we use geometric fixed points. 

Proof. Since EF = colimyT=o 

5^ and X A EF X'^ A EF we easily deduce the result from the 
values on spheres. Indeed, colimy 0{D{V)) = JC, so that 

EcUEF) = iC0inir''- 

□ 

Before stating the completion theorem, we pause briefly to summarize the relationship between 
Borel homology and cohomology, which is described in more detail in Appendix^ Given a graded 
module M over H*{BT) = k[c] for a field k, we can form the Borel cohomology Hj{X; M), and in 
certain cases there are simple descriptions. (This notation means the cohomology theory represented 
by the module over the Borel spectrum, and not a Brown-Comenetz type theory as in [GreOSj : the 
distinction is explained further in Remark IA.3p . If M is flat and X is a finite T-CW complex, we 
have 

Hi{X;M)^H^{X) ^H*BJ M. 
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As usual, homological and cohomological gradings of the same module are related by = M~ , 
and c is of cohomological degree 2 (i.e., homological degree —2). It is also useful to consider the 
torsion H* {BT)-module M[c~^]/M. If c is not a zero-divisor in M, there is a natural map 

K : H^{X- M) -> Hom^.5Tr(^J^; T.-^{M[c-^]/M)). (6.2) 

If M is a free module, then M[c~^]/M is injective, so we have a natural transformation of coho- 
mology theories, and it is easy to check then that the map is c-adic completion. Since completion 
of M does not affect M[c-^]/M, we see that if M is the completion of a free module then k is an 
isomorphism. 

For example, if M = H*{BT), then 

and this is injective, so we have the isomorphism 

Hi{X;H*{BT)) ^ Roin*j,,BT{Hj (X); H,{BT)). 

For example, let be the formal completion of O at C{A), and let M = O^^uj* be considered 
as an H* BT-algehra via 

Then 

{M[c-^]/M) ^TaCc^lj*, 
and this is an injective Q[c]-module. Thus Example (jA.lOp shows that we have 

H;{X; 0% uj*) ^ RomH* ^bt){HJ{X),TaC (gi lo*). 
Lemma 6.3. For any T-space X 

EC*j{X A ET+) ^ Yl Ht{X^; O'X ® uj*c). 

A 

IfHj{X^) = H^iX^) (g) H^BT) for all finite AcT then 

EC*j{X ^YIh*{X^;0^(^uj*c). 

A 

The corresponding statement holds for spectra if we use geometric fixed points. 

Proof. The first statement amounts to the fact that the homotopy of EC A T,EJ^^ is injective as a 
module over H*(BT) with coefficients TC^ojq. Now we use the fact that there is a rational splitting 
EF^ ~ \IaE{A) corresponding to TC ~ ©^TaC, and that [X,E{A) A = [X^,E{A) A . 
Passing to the summand corresponding to A, the -ff*(i?T)-module structure on rings of functions 
is through t\A\/Dt. The second statement follows since the short exact sequence 

— >1Ca — >1C^ TaC — > 

gives an isomorphism 

HomH*(OT)(^*(5T),rAC®6^^) = ExtH*(OT)(^*(^T),/CA^t^c) = Oa»Wc- 



(See Appendix A for further details.) 
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6.E. Periodicity. It is sometimes convenient to define the "periodic ordinary cohomology spec- 
trum" by the formula 

HP=\/ T,^^H 

This spectrum has the feature that 

spfi/P°(CP°°) ^ Ga, 

while 

Note that the coordinate data used to construct EC determine an isomorphism 

C = Ga 

carrying Dti to the standard generator of Ga, and so inducing an isomorphism 

H*{X; R(E)OJ*)= HP*{X; R). 
We shall find it convenient simply to define a;*-periodic cohomology as 

HP*{X;R) =^ H*{X;R^uJc). 

With this notation, the localization and completion isomorphisms above become 

ECjiX A ET) ^ HP^{X'^-1C) 

EC^{X AET+) ^YlHP^iX'^-O'^). 
A 

6.F. The Hasse square. The localization and completion theorems combine to give an extremely 
useful long exact sequence, relating equivariant elliptic cohomology to Borel cohomology and the 
elliptic curve. It takes (i) information from the T-fixed point space, generic on the curve and 
(ii) information from the ^-fixed point space in a neighbourhood of the points of order \A\ on 
the curve and splices them together. The idea that points with isotropy of order n in topology are 
associated to points of order n on the curve is a recurrent central theme. Topological and geometric 
information interacts very little over T-fixed spaces, but much more over points with finite isotropy. 

This sequence is |Gre051 15.3], but we have used Remark lA. 101 to give it in a more geometrically 
transparent form. 

Proposition 6.4. For any T-space X there is a long exact sequence 

> EC^{X) — > //P"(X^;/C) X JJ/7Pf(X^;0^) — ^ 

A 

/C^) ECl^+^iX) ^ • • • , (6.5) 

natural in X, where ICjr = YIa^a ^- V we are given an isomorphism HJ{X'^) = (g) 
H^[BT), then we obtain an isomorphism 

HP^{X^; O^) ^ HP'^iX^- 0%). (6.6) 

The corresponding statement holds for spectra provided we use geometric fixed points. 

Remark 6.7. (1) The first displayed map is a ring homomorphism when X is a space. 

(2) For the spaces we care most about, H*{X'^) and Hj{X^) are in even degrees for all A, so 
that the long exact sequence degenerates to give a pullback square of rings for ECy{X). 
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(3) We remark that we may arrange that the map 



A 

from the long exact sequence is the obvious one. On the factor, it is induced by the 
natural map 

On the factor, we may arrange that it is restriction along 
composed with the natural map 

To make sense of this, we arrange that both remaining terms may be interpreted as Borel 
cohomology. Indeed, we may make /Cj- ® ujq into a module over H*{BT) by letting c act 
through t^j^^/Dt in the 74-factor, and as such we have 

/C^ uj*c) = H^iX'^-Xr ^ ^h)- 

It will appear from the proof that the map is as stated by naturality of the completion 
theorem. 

The exact sequence ()6.5p suggests that ECj{X) is related to the cohomology of a sheaf 
on C: the HP"'{X'^;IC) factor concerns the behaviour of a section generically on C, while 
the (X^;0^) fact ors concern the behaviour in small neighborhoods of the points of 
finite order. We shall study the string orientation from this point of view in Part [3l 
(4) The Borel cohomology groups which appear in ()6.5p are essentially those which describe 
Grojnowski's sheaf- valued theory (in the case of a finite complex). Note that Grojnowski 
treats the case of an elliptic curve of the form C/A, and uses the projection 

C ^ C/A 

and translation in the elliptic curve to give the structure of an //*i?T-algebra. One of 
the innovations of [GreOSj is to handle the algebraic case, using the functions to make 
into an i?*(ST)-algebra. 

Proof. Any T-spectrum E occurs in the Tate homotopy pullback square 

E — > E AET 

i I 
F{EF+,E) F{ET+,E) AET 

where T is the family of proper subgroups, 
square 

F{X,E) 
i 

F{X AET+,E) 

Note that 

[X,YAET]J = 



and applying F[X, •) we obtain the homotopy pullback 

— > F{X, E A ET) 

F{X,F{ET+,E) AET). 
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so that both the right hand terms can be expressed in terms of the geometric fixed points of X. In 
the case that E is elhptic cohomology, we apply the locahzation theorem to see that 'k1{F{X, EC A 
ET)) = H*(X'^; /C (8> uJq) and the completion theorem to see that 

nJiFiX A ET+, EC)) = EC*^{X A EJ^+) = J] O^). 

A 

□ 



7. The sigma orientation 



In this section we describe the construction of our Thom class for the tautological bundle StrV 
over BStringc. We implement the strategy for bundles over T-fixed spaces, by showing how to use 
the Weierstrass sigma function to construct a Thom class. Details for spaces which are not fixed 
are deferred to Section [HI 



7. A. The sigma function. First of all, we write a for the expression 

n 



(1 - g"'u;)(l - g^u'-i) 
(1 - q^)^ ■ 



n>l 

We can consider o" as a function of (z, r) G C x {), where f) is the upper half-plane, by setting 

r 2-niTT 

for r E Q. It is convenient to consider a sometimes as a function of w, writing the first argument 
multiplicatively, and sometimes as a function of z, writing the first argument additively. We'll 
adopt the convention that the second argument (r or q) indicates the form of the first argument. 
Thus with our notation 

(T(e"^,g) = cr(z,T) 

The function a is holomorphic, vanishes only at lattice points, and has the following properties. 

a{z,T) = z + o{z^) (7.1) 
a{-z,T) = -a{z,T) (7.2) 

a{z + 27ri/ + 2TiikT, r) = (-l)'+'^e-'^^-"*'='V(z, r) (7.3) 
a{wq^,q) = {-l)^w~^q~^ a{w,q). (7.4) 



7.B. The Witten genus and the sigma orientation. We use the expansion of a in terms of z 
in (j7.ip to determine an exponential orientation for complex vector bundles. More precisely, if V 
is a complex vector bundle over X, then there is a Thom class 

Thom(y) = Thom'^(y) G H*{X^;C), (7.5) 

characterized by the property that, if 

c.{V)=\{{l + x^), 
then the Euler class associated to Thom(y) is 

e{V,T)''^X[a{x.,T). (7.6) 
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As explained in |HBJ92| (see also |Wit87] and [AHSOl] ). the q-form of a is the i^-theory char- 
acteristic series of a multiplicative orientation 

a : MSU Klqj 

for SU bundles in integral X-theory, with coefficients in To explain this, we introduce the 

total complex exterior and symmetric powers 

i>0 

Using the identities {V and W are vector bundles, and L is a line bundle) 

At(y(BW)^AtiV)At(W) 

St(y(BW)^St(y)Stiw) 

StiL) = l + tL + + • • • ^ A-t(i)"\ 

we can define 

Stiy -w) = St{v)A-t{w) 

kt{V -W) = Kt{V)S^t{W) 
and so consider St and A^ to be exponential operations 

K{X) ^ K{Xm. 

With this notation, the Euler class oi V = Li ® ■ ■ ■ ® associated to the orientation a is 
9) = n ^(^*' 9) = A_i (y) (g) A_qn {V - rank V) (g) A_,n {V - rank V). 

i 

That is, the orientation given by cr is a twist of the A orientation of Atiyah-Bott-Shapiro. The 
associated genus is of an SU -manifold M is 

1(M; (g) Sgn(y - rankF) Sqn(y - rankF)), 

n>l 

which is known as the Witten genus. 

In [AHSOlj . the authors define an elliptic spectrum to be a triple {E,C,t), where E is an even 
periodic ring spectrum (and so complex-orientable) , C is an elliptic curve over ttqE, and t is an 
isomorphism of formal groups 

t : spfS°CP°° ^ C. 

They show that the data of an elliptic spectrum determine a map of (non-equivariant) ring spectra 

a{E,C,t) : MU{6) E. 

called the sigma orientation. 

The Tate curve is an elliptic curve Cxate over which provides an arithmetic model for the 
multiplicative uniformization of a complex elliptic curve as 

C^C/A^C^/g^, 

where A = 27rzZ + 27rirZ and q = e^'"*^. It comes with an isomorphism of formal groups 

t : Gm = ^Tate, 
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so i^'xate (-f^I^l, Cxate, IS an elliptic spectrum. It turns out |AHSOH §2.6,2.7] that the sigma 
orientation of i^xate is just the restriction to MU (6) of the orientation above: that is, the diagram 

MU{6) 

0-{-fS'Tato) 

MSU Klqj 

commutes. 

7.C. The Borel equivariant sigma orientation. If y is a G-equivariant SU-hundle, then there 
is similarly an equivariant Thom class 

ThomG(y) = Thom(y EG) G H^{X^), (7.7) 

and we write 

eciV) = C ThomG(F) G (7.8) 
for the associated Euler class. In this section we record some formulae for this class and some 
related characteristic classes, in the case of the circle group. In Sections [7] and [HI we use these 
formulae to construct the equivariant sigma orientation. 

Suppose that V is an T-bundle over an T-fixed space, given as 

V^Li(g)ai®---®Ld(g)ad, (7.9) 

where Li is a complex line bundle with Chern class Xj and Oi £ T^. Let = logOj G Z. Then 

eriV, t) = Y\_cr{xi + miZ,T), (7.10) 

i 

where z = ciL £ H'^{BT). Considering z to be the identity map of the complex plane defines maps 

H*{BT) = C[z]^Oc^ C[z] = HP^{BT) 
and we observe that ejiV) defines an element of 

HP*{X;Oc) C HP*{X;Clzj) ^ i7*(X)|z] ^ HP*{X x BT). 
When working multiplicatively, we set w = e^. 

The manipulations that follow are more manageable if we adopt vector notation, and abbreviate 

X = (Xl, . . .,Xd). 



Similarly we'll write Ui = e^* and 
If X is such a vector, we define 



w = (e^\...,e^''). 

a{x,T) =^Y[(T{Xj,T) 



and similarly for a{u,q), so a{u,q) = a{x,T) as in the "scalar" case. Then if 

V ^ Li®---eLd 



with 

and 

then 



Xi — ciLi 

X = (Xl, . . . ,Xd), 

e{V,T) = a{x,T). 
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If 

u = (Li,...,Ld) 
then the corresponding i^-theory Euler class is 

e{V,q) = cr{u,q); 

and these are related by 

eiV,T) = cheiV,q), 

where ch is the Chern character. 

This notation is particularly helpful when we have to deal with the equivariant Euler class. Let 
T C SU (d) C U{d) be the standard maximal torus, and let 

f = Hom(T,T) 

be its lattice of cocharacters: so 

T = {diag(?x;i, . . . , JJ-u^i = 1}, 



and 



Define 



by the formulae 



f ^ {m eZ'^\J2'^i = 0}- 

I :f xf 
6:f 



I{m, m') = 



(7.11) 



The important points about (j) and I are 

m = 

((){km) = k'^(l){m) 
(/>(m + m') = (j){m) + /(m, m') + (j){m') 

(l)[wm) = (f){m) 
I(km,m') = kl{m,m') = kl{m',m) etc. 
I{wm, wm') = I{m, m!) 
for m,m' G T, k & Z, and w S W. 

Remark 7.12. Note that Lemma |4. 121 shows that, for SU{d), the formulae for (p and / here agree 
with those in §4.B[ 

As above, we continue to suppose that x = (xi, . . . , Xd), and u = {ui, . . . , Ud) = (e^^ , • • • , e^"^). 
We define 

I{x,m) = 



rrijXj. 



and 



n 

so that 
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If 6 is a scalar, then the meaning of 

mb = bm = {niib, . . . , m^^h) 
is clear. Its multiplicative analogue is 

again these are related by 

With these notations, the functional equations for a imply the following. 

Lemma 7.13. Suppose that A = 27ri/ + 2'KikT, that x = (xi, . . . and u = . Suppose that 

m (zT. Then 

a{x + mX, r) = e-^^("^'^)-2-^-'='</'Mcj(x, r) 
a{uq''"'\ q) = u-^^^'^\-^'''t'^"'^ a{u, q). □ 
Remark 7.14. The factor of (—1)'"'''^ in (|7.3p contributes 1, because it becomes 

Remark 7.15. To work with virtual vector bundles, we may as well extend our abbreviations by 
using super-vector notation, and so let 

X = (x'^,x^),n = {u^,u^)^m = {vrP^m}), 

etc. stand for ordered pairs of quantities as above. So for example 

a(x°,r) 



cr(x,T) 



Our first use of all this notation is to give the following result about the equivariant Euler class 
associated to the sigma orientation. It shows that that characteristic class restriction cf = = cf 
suffices to ensure the Euler class descends to a meromorphic function on the elliptic curve. This 
observation goes back at least to [Wit 87 1 IBT89j . Note that if y is a T- vector bundle over a T-fixed 
space, then it admits a decomposition 

where V ^ V/V'^. 

Proposition 7.16. Let m = (mi, . . . , m^) : T ^ T be a cocharacter, corresponding to a component 
BZ{m) of BSU{d)'^ , and let SV{d) be the tautological T-equivariant vector bundle over this space. 
Let X = {xi, . . . , Xd) be the roots of the total Chern class of the tautological bundle SV{d) over 
BSUidf. Then 

ej{SV{d)){z,T) = a{x + mz,T) = a{uw'^,q) € HP^{BSU{df -Oc) 

and 

eT{SV{d)/SV{dY){z,T)= JJ a{xj + mjZ,T) = JJ aiujw"^^ ,q) e HP;{BSU{dY -Oc) 

These elements satisfy 

ej{SV{d)){z + A, r) = exp (^—kL{x, m) — kL{m, m)z — lirik"^ (f){m)T^ ej{SV{d)){z^ r) 
eT{SV{d)/SV{dY){z + \T) = exp i-kL{x,m) - kL{m,m)z - 2mk^(t){m)T) ej{SV{d) / SV{dY){z,T) 
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if \ = 27ril + Inikr; in q-notation this is 

eT{SV{d)){wq\q) = u-^^^'^^w~^^'^'^^"'\-^^^^'^hT{SV{d)){w,q) 

eT{SV{d)/SV{d)^){wq^,q) = u-''^'^''''>w-''^^''^'"'U~'''^^""^ej{SV{d)/SV{df ){w, q) 

In particular, ifV = Vo — Vi is a T-equivariant bundle over a T -fixed space X, with cfV = = cf 1^, 
then 



ef{V/V'^){z,T)(iHPi{X;lC, 



Proof. The formula for the equivariant Euler class is just (jT.lOp . The transformation formula follows 
from Lemma l7.13i Note that the entries ruj = make no contribution to /(x, m) or (f){m). Lemma 
14. 131 then shows that if F = Vq — Vi is a BU {6}-bundle, then eYiV/V"^) descends to KLc'-, it remains 
to show that it is non-zero. We have 

ef[V/V ) - 

eT{VilV{) 

Each factor of the product is of the form a{x + mz,T). This is holomorphic, and the cohomology 
class X takes integer values on homology classes, so it has zeroes only at points of finite order (i.e., 
when a multiple of z is a lattice point). Accordingly, the product takes values which are invertible 
meromorphic functions. 

□ 



7.D. The Thorn class. In this section we give the formula for our Thom class, although the proof 
that it works as we say depends on some results in Section [8l 

Let StrV be the tautological bundle over BStringc so that 

MStringc = B String^^''^ . 

Recall that BStringc and so also M Stringc has all relevant cohomology in even degrees (Proposi- 
tion l5.7p . In this section and the next, we will construct and analyze a class in ECfiBString^^^) 
using the exact sequence 

^ EC\''{BStringl''^) HP^^{{BStringl''^Y -K) x FP|"((S5trm5f "^)^; O^) ^ 

A 

HP'^''{{BString^''-^f; /C^) ^ EC^''+\BString^'''^) ^ (7.17) 
of Proposition 16.41 We shall specify 

ST(StrV) G HP^{{BStringlf^'-^'' -Kc) 
and, for each finite vl C T, an element 

S^(StrV) G HP^{{BString^f"^^^-O^A), 

with the property that 

^^(^^'-^)l(B5t„n,^)-v- = ^^iStrV) (7.18) 

in 

HP^{{BStr^nglr^■^^■,lC'^^). 
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The obvious way to produce such a class is to start with 

Thomj{StrV) G HP^{BStringl^*''^), (7.19) 

and then for each A to puh back along 

{BString^f*'^^ {BString^f^ BStringl^''^ . 

Thus for all A, finite or not, the formula for is 

T.A{StrV) = 1\iomf{StrV^)ej{StrV/StrV'^). (7.20) 

Here Thorny ('S'trV'^), as defined in (j7.7p . is the Thorn class using a of the T-Borel construction of 
StrV^, and ef{StrV/StrV^) is the Euler class, again using u, of the T-Borel construction of the 
"complement" StrV - StrV^ ^ StrV/StrV^. 

As written, our formula for St gives an element of 

HP\{BStTinglf''''"-lCc)^ 
and the first observation is that it descends to an element oi H Pj{{B StringJ^)^^^'^'^ ] ICc) as required. 
Lemma 7.21. The class 'Ej{StrV) gives an element of 

HP^i{BStringlf'^''";)Cc), 
and multiplication by Y,i{StrV) is an isomorphism 

HP^{BStringl-1Cc) ^ HP^[{BStringlf''^^ -.ICc). 

Proof. It is an isomorphism because Thomx(S'trV''^) = Thom(S'trV'''') is a Thom class, and in 
Proposition 17.161 it was shown that CfiStrV/StrV^) is a unit of HP^{BStringl; Kc). □ 

We turn now to T^a for ^ C T the finite subgroup of order n. Our formula gives an element of 

HP^{BString^)^''''^-lC€) 
and we produce from it an element of 

HP^{{BString^f''^\lCA) 

simply by choosing, for each point a of order n, a lift a, and then electing to evaluate our element of 
/Cc near a. Of course the apparent dependence on arbitrary choices is not satisfactory. In Section 
[HI we shall prove the following result, which requires a delicate and intricate analysis of the Euler 
class functions. 

Proposition 7.22. The value of Ti^iStrV) at a ^ C depends only on the image a of a in C. As 
such, multiplication by TiA{StrV) is an isomorphism 

HPi{BStringi;0^) ^ H Pi{{B String^ f '^^^ ■O'X). 

Thus we have the following. 

Theorem 7.23. The classes T^AiStrV) /orvl C T assemble to give a class T.{StrV) £ ECjiBString^^'''^) = 
ECj{M Stringc) , and multiplication by Ti{StrV) is an isomorphism 

EC^iBStringc) ^^^^ EC^iM Stringc) ■ 
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Proof. Lemma [7.211 and Proposition 17. 22] together with the exact sequence (j7.17p show that we have 
assembled an element of S(S'trV) of EC'f{BString^^^). Moreover, using the exactness of (j7.17p . 
its analogue for ECf{B String^) , the Thom isomorphism in ordinary cohomology, and the Five 
Lemma, we may conclude that multiplication by Ti{StrV) is an isomorphism. □ 

7. E. Multiplicativity. Theorem 17.231 gives a map of spectra 

S : MStringc — > EC. 

By Proposition 13.141 M Stringc is an E^o ring spectrum, and we would like to know that map is 
multiplicative. 

Theorem 7.24. The map T, : M Stringc — > EC is a ring map up to homotopy. 
Proof. The product on M String^ arises from the formula 

and the map S is multiplicative because it arises from the exponential class Thomx . □ 

8. Translation of the Thom class by a point of order n 

In this section we assemble a proof of Proposition 17.221 The formula (|7.20p for T,a gives an 
element of 

where StrV is the universal bundle, and we must show that this element descends to ICa and is 
holomorphic near a € C{A). This requires detailed understanding of transformation properties and 
orders of vanishing for functions derived from the Weierstrass a function, and is therefore one of 
the most intricate parts of the proof. 

8. A. The strategy via translation. The cohomology ring H*(BT) is the ring of functions on 
the completion of C at the origin, so to study near a point a € C{A) = 'ir^^{C{A)), we study 
T^'^A near zero. Let StrV denote the tautological bundle over BStringc. The essential problem 
is to understand the Euler class 

Cn^AiStrV) G HP^iBStringi) 

near zero. Here denotes the zero section, and T will denote translation in C or C. Let SV denote 
the tautological bundle over BSU. Using the description of H*{BSU{d)^) in CTl we introduce a 
characteristic class 

6a{SV) : C{A) ^ HP^{BSU^;ICc), 

with the property that 

5A{SV,ii) = CTi^A{SV). 
The explicit formula for 5a makes it possible to prove Proposition 17.221 For example, we show that 
6AiStrV,a) depends only on ir{d) G C{A): that is, we have a factorization 

C{A) - ^ HP* B String^ 

7T 

C{A) HP^BSU^. 

This argument by translation was introduced by |BT89] . and its use in Grojnowski's equivariant 
elliptic cohomology goes back to Rosu [RosOlj . The class 6a was introduced in [AndOSbj . to 
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show that the translation argument could be made independent of the complicated choices in 
|BT89llRosOT] . 

As we note in the introduction, earlier treatments of the Thom class required the translation 
argument even to give a formula for T,a_- Our formula ()7.20p (essentially, (j7.19p l does not involve 
the translation argument, and so is much simpler than earlier formulae. What we must do is adapt 
the translation argument to show that our Ti^ has the required properties. 

8.B. The class Sa- Suppose that A = T[n] is a finite subgroup of the circle. Let SV{d) be 
the tautological bundle over BSU{d). For a € C{A), we define an element 5A{SV{d),a?j of 
H*{BSU{d)^;Oc) as follows. Suppose that 

m = {nil, • • • ; T^d) ■ A ^ T 
is a homomorphism, corresponding to a component of BSU{d)^. Thus rm € A* = Z/n, and 

rrii = mod n. 

Suppose that xj are the Chern roots of SV{d) with respect to this decomposition: that is, we 
suppose that we have a splitting 

SV{d) ^ (Li ® C(mi)) e • • • e (Lrf ® C{md)), 

where 

ruj = logaj and Xj = ciLj. 

Let a be a point of C of order n, and let a be a lift of a to C. Define integers k and / by the 
formula 

nd = X = 2t:iI + Inikr, 
and let A = liril + lirikT. Let rh be any factorization 

T^^T. (8.1) 




A 

That is, rhj is an integer lift of mj. 

In order to give g-expansion formulae we also set 



a' =e'" 

for r G <Q. 

Definition 8.2. Let 5Aix,m,d) be the expression 

5a{x, rh, d) '= exp(^I(m, x) + ^d(f>{rh)')a{x + rhd, r) 

= exp(^ "'i^i + If "'D n ^^^J + "^J"' ^) (8.3) 
j j j 

= wt^(^)a^'^(^V(na'^,g). 

Just as in the case of a, it will be convenient to express 5a equivalently in terms multiplicative 
variables: we'll use a = e*^ in the last slot to signal multiplicative notation when necessary: so 

5Aiu, rh, a) = (5yi(e^, m, a) = 6Aix, rh, a). 
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Lemma 8.4. The expression Sa is independent of the choice of lift m. Moreover, it is invariant 
under the action ofW{m), the Weyl group of Z{m). As such, it defines a characteristic class of 
principal Z{m) -bundles. 

Proof. Suppose that m' is another hft. Then 

rh! = rh + nA, 

where A G Hom(T, T). Then 
5a{x, rh! , a) = exp(^/(r7i + nA, x) + ^(Kpijfi + nA))cr(x + (m + nA)d, r) 

= exp(^/(rfi, x) + kI{A, x) + ^a4){fh) + kal{m, A) + knd(j){A))a{x + rhd + AA, r) 
= exp(^/(m, x) + kI{A, x) + |a(/>(rTi) + kdl{m, A) + kX(p{A)) 

exp(— /(x, kA) — I(rh, kA)a — 27rir7r(/>(nA))cr(a; + rhd, r) 
=5a{x, rh, a). 
Now suppose that w G Z[m) so wm = m: then 

wfh = rh + uA 

for some A G T, and a similar argument to the one just given shows that 

5a{x, rh, d) = SAiwx, wm, d) = 6Aiwx, rh + nA, a) = ^^(wx, rh, a). 

□ 

As a related matter, it is easy to understand the action of a general w (zW (i.e. one which does 
not necessarily fix m). 

Proposition 8.5. For w G W, the Weyl group of SU{d), we have 

6a{wx, wm, d) = 5a{x, m, a). 

That is, the family of expressions 6{x, m, d) for m G Hom(A, T) satisfies the hypothesis of Propo- 
sition \4^ and so assembles to give an element 5 A{SV{d),d) of HP*{BSU{d)^). □ 

Remark 8.6. As noted in Remark l7.15l the appropriate extension to virtual vector bundles is given 
by the same formulae, provided we admit Z/2-graded notation. Thus if x = {x^, x^), m = {m^,m^), 
and m = {mP,rh^), then 

(5yl(x, m, d) = 6{x^ ,rh^ , d)/6{x^ ,m^,d). 
Definition 8.7. If y is a virtual T-equivariant vector bundle over an A = T[n]-fixed space X, with 

cf (y) = 0, 

and if a is a point of C over a point a of order n in C, then we write 

6A{V,d) 

for the class in H*{X) provided by Proposition 18.51 



Now we investigate the dependence of 5a on the lift d. Suppose o' is another lift of o. Then 
there are r, s G Z such that 

d' = d + 2-Kir + 2-KisT, 



so 



and 



e" =eV, 



nd' k+ns 
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Let k' = k + ns. Then 

wia, q^) "i' e-'^+^ = 6"^'+^^ (8.8) 

is an n**^ root of unity which does not depend on the choice of hft a; in fact it is the Weil pairing 
of a with gV" |KM85l p. 90]. 

Now let m : A — 7- T be a homomorphism, labelling the component BZ{m) of BSU{d)^, and let 
SV{d) be the tautological bundle over BZ{m). Let m : T — >• T be any lift of m, as in (jS.ip . Because 
w{a,q") is an n^^ root of unity, the quantity 

does not depend on the lift m. The dependence of 5a on the choice of lift a is given by the following. 
Lemma 8.9. 

6A{SV{d),m,d') = w{a,qyry'f'("'^5A{SV{d),m,d) G H P* {B Z (m)^) . 
Proof. Let a = e"". In g- notation, 

= 6a{V, rh, a)a-«</'('^^)g«|<A("^)^-s7(m,m) _ 

Noting that 

4>{m) — I{rh, rh) = —(j){m), 

the last expression becomes 

SA{SV{d),m, a)a-^<^(™)g^t'^(")a-^^(™''^) = w{a, q^y'^^"'^SA(.SV{d),m, a). 

□ 

Recall that StrV is the tautological bundle over BStringc- 

Proposition 8.10. If V is a virtual T-equivariant SU -bundle with cf (T^) = 0, then class 6A{V,d) 
does not depend on the choice of lift d of a. Equivalently, the following statement holds in the 
universal case: for any two lifts d and d' of a, 

6A{StrV,d) = 6A{StrV,a) G H P^ {B String^) . 

Proof. Lemma |4. 131 implies that, if m is any reduction of the action of A on y, and if m is a lift of 
m, then 

(/)(m) = mod n, 

so T(;(a,gi/")<^('") = 1. □ 

It is important that the class 6a has a Borel-equivariant version as well. For if 1/ is a T- 
equivariant bundle over an A-fixed space X, then the T-action preserves the decomposition into 
isotypical summands for the ^-action 

5 0Hom(5,y). 

44 



and so the reduction m determines a T-equivariant principal Z(m)-bundle over X. Put another 
way, the T-action on BSU{d)^ determines one on the component BZ{'m), and as such the map 
classifying the Borel construction of the tautological bundle factors as 

ETxjBZ{m) >BZ{m) (8.11) 




We write S^{V, m, d) for the resulting Borel class, in Hj{X; Oc). 

It is important to understand the restriction of 5^ to the fixed subspace Y = X'^ . Since Y C X, 
any reduction 

m : ttqY Hom(T,T) 

of the action of T on V\y is a lift of m. If x = (xi, . . . , Xd) are the Chern roots of V\y, then 

d^{V, a)|y = S^{x, m, d) = exp(^/(m, x + rhz) + ^d4>{m)')a{x + fhz + md, r) (8.12) 

As promised, we can now show that 6^ is the translation of the equivariant Euler class associated 
to a. 

Proposition 8.13. Let StrV be the tautological bundle restricted to the fixed point set B String^. 
Then 

5^{StrV,d) = T-*ej{StrV) G H P^{B String^; Kc) ■ 

Proof. We showed in Proposition 15.71 that 

H^(BStringi;lCc) ^ m{B Stringl; Kc) 
is injective, and so it suffices to prove that 

^AiStrV ,d)\j^s^^^^gT = T!ef{StrV)\Bs^^i^gi^. 

But under the indicated characteristic class restrictions, we have I{rh,x) = and (j){rh) = by 
Lemma [4. 131 and so equation ()8.12p becomes 

SAiStrV,d)\sstringl = ^^i^ + mz + md,T) = T^eT{StrV)\Bstringl- 

□ 

8.C. Variants. We need two variants of 5a, corresponding to the decomposition 
where V ^ V/V^. To give formulae we introduce some restricted sums and products. 
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Let 



i rhi^O mod n 

i m-i^O mod n 

I'{m,x) =^ X rhiyi 



(l)'{m) = 


1 W , , 
-2_^ mirrii 

i 




E • 


i 


rhi=0 mod n 


I"{m,x) = 




<i>"{m) = 


1 v^" - _ 

i 


]X'f(y^) = 


n ^ 



mi=0 mod n 



and let 



A; A; 
m, a) = exp(— 7'(m, x) H — a(f)'{'rh))a'{x + ma, r) 

A: 

(5^(x, m,a) = exp(— /"(rn, x) H — a(l)\m))(j'' {x + ma^T). 



Notice that 

I = I' + I" 



+ 0" 



(5a = 5^5 A. 

Our analysis of 5^ applies to and to give the following. 

Proposition 8.14. The classes 5'^{x,m,d) and 5'^{x,m,a) are independent of the choice of lift m, 
and are invariant under the action ofW{m). Moreover if w E W, then 

5'j!^{wx, wm, a) = S'y^{x, m, a), 

and similarly for S'^. As such, they assemble to give elements (5^(S'V(d), a) and 6'^{SV{d),ta) of 
HP*{BSU{d)^). As d varies, they define stable exponential classes 5'j^{SV,a) and 5'^{SV,a) in 
HP^BSU"^). 
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Proof. The arguments for 6a in ^8.BI decouple in this way. The main point is, if V is an j4-bundle 
or T-bundle over an ^-fixed space, then with respect to the equivariant decomposition 

the "prime" parts above correspond to V, while the "prime-prime" parts correspond to V^. □ 

The behaviour of 6'^ and 6'^ with respect to change from a to d' is similar, but there is an 
additional subtlety. First of all, note the following. 

Lemma 8.15. For any lift rh of m, we have 

(j)"[rh) = mod n. 

Proof. Recall that 0" corresponds to restriction to V^, where each rfij = mod n. We have 

(j)"{'fh) = — 2, rhirhj. 
i<j 

□ 

Proposition 8.16. If a' is another lift of a, and 6 is defined by 

e^' = e\\ 

then 

(5^(5V(d), m, d') = w{a, q^)^'^'^"'^6'^{SVid),m, d) 
= w{a,q^Y^^"'^6'A{SV{d),m,d) 

and 

5'^{SVid),m,d') = S'^{SV{d),m,d) 

in HP*{BZ{m)). In particular, we have a well-defined characteristic class ^^(S'trV, a) ofBStringc- 
bundles, and a well-defined characteristic class 6'^{SV,a) of BSU -bundles. □ 

The fact that, even for an SCZ-bundle, S'^iV, d) does not depend on the choice of lift d is striking, 
until it is discovered to be trivial. Recall from (|7.6p that, if y is a (virtual) vector bundle, then 
e(y) is its Euler class with respect to the orientation given by a. 

Proposition 8.17. Let SV{d) be the tautological bundle over BSU{d). For any choice d of lift of 



a, 



and 



Proof. Let a = e", so 



6'^{SV{d),d) = e{SV{d)^). 
{5'j,f{SV{d),d) = eT{SV{d)^) 



a" = qK 



Let m be a lift oi m : A ^ T, and define integers Aj by the rule 

— rrij = mod n 



Let 



otherwise. 



u = (e^\ . . . , e^'*). 
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We use (/-notation. 

= cj"{u), 

as required. The equivariant case is similar. □ 
Corollary 8.18. We have 

TJThomT(5V(d)) = ThomT(5V((i)) G HPi{{BSU{d)^f^^'^'^^;Oc). 
That is, the Thorn class is invariant under translation by d. 

Proof. Proposition 18.171 gives the result for the corresponding Euler class. In this universal case, 
the cohomology of the base BSU (d)"^ is a domain, and cohomology of the Thom space is a principal 
ideal, so the result for the Euler class gives the result for the Thom class. □ 

It is important that 6'^ has no zero or pole at 0. 

Proposition 8.19. The class (5^)^(5V,a) gives an element of H*{BSU^; O^^Y . Moreover, if 
StrV is the tautological bundle over B String^, then 

{S'Af{StrV,d)=T*eT{StrV/StrV^) G HP^{B String^; O^^Y 

Proof. First let's consider the situation over BSU{d). By construction, {5'j^f{SV{d) , a) can be 
viewed as an element of = H P^{B SU {d)^ ; Oi^ q) . Proposition O implies that there IS an iso- 
morphism R ^ HP^{BSU{d)'^)[z\, and so / G is a unit if and only if with respect to such 
an isomorphism the coeffiecient of is a unit. Moreover the reduced cohomology of BSU{d)'^ is 
topologically nilpotent, and to it suffices to check this condition after restriction to 'iTQBSU{d)^ . 

Since 

BSU{df BSU{d)^ 

is surjective on tto, it follows that / is a unit in R if and only if the coefficient of in the restriction 
of / to 

HP^{BSU{df-0^^^) - HP\BSU{df)lz} 

is a unit. For a component of BZ{m) of BSU{d)'^ labelled by a homomorphism m : T ^ T, that 
restriction is 

{6'j^)^{SV{d),rh,d){z,T) = exp(^/'(m, a; + rfiz) + ^d(p'{rh)) a{xj + ffijZ + fhjd^T). 

rhj^O mod n 

Recall that a is a lift of a point a of order n. If rfij is not divisible by n, then there is a small 

neighborhood U of such that rhj{z + a) A for z (z U: so a{rhjZ + fhjd) is a unit of q. Now 
consider the Taylor series expansion 

(t(x + mz + a, r) = a{mz + rhd, r) + o{x). 

Since x is a power series variable, this is a unit since cr(m + md, r) is a unit. 

We conclude that 

{6'^f{SV{d),d) G HP^{BSU{d)^;0^^,)\ 
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and passing to virtual bundles we see that 

as required. This proves the first part of the Proposition. The proof of the second part proceeds 
exactly as for the case of 5^ in Proposition 18.131 using the fact that 

is injective, one reduces to checking the equation after restriction to BSU'^ , where it is an easy 
calculation. □ 

8.D. Proof of Proposition 17.221 We continue to write StrV for the tautological bundle over 
BStringc. 

To illustrate the argument we give it first for the Euler class associated to S^. Let 

C : BStringi {B String^ f^''^^ 
be the zero section. Let Ta denote translation by a in C. Then, as we showed in Proposition 18.13] 

T-:C^A{z) = 6^{StrV,a){z), 

so to understand the behaviour of T^a near a, it suffices to understand the behaviour of (5^ near 0. 
But we have shown in Proposition 18.101 that the class 6^ does not depend on the choice of lift d of 
a. So 

T-:C^Aiz) = 5'i{StrV,aKz) = 5^{StrV,d'){z) = T^,CSa(z). 
The refinement to T,a itself is clear, given the preceding discussion and the fact that, by definition, 

= Thomj{StrV^)ej{StrV/StrV^). 

Corollary 18.181 shows that 

TJ Thom.j{StrV^) = Thomj{StrV^) 

and so this quantity is independent of a and for that matter of a. Meanwhile by Proposition 18.19] 

T^ejiStrV/StrV^) = i6'AfiStrV,d), 

and Proposition 18.161 shows that this quantity is independent of the lift a. Thus we have shown 
that T^T,A depends only on a, and not the choice of lift a. 

Finally we must show that multiplication by T,a is an isomorphism 

HPi{BStringi;0:i) ^ H Pi{{B String^f'^''^ ■ 0%) . 

Certainly Thomx(S'trV'^) is an isomorphism 

HPi{BS 

In Proposition 18.191 we showed that 



HP^{BString^) HP^{{BString^f*''^^) 



Tlej{SV/SV^) = {6'Af{SVra) 
is a unit of HPj{BSU^; Oqq). As a ranges over the points of C{A), we find that 

ejiStrV/StrV^) G HPi{{BString^);0^)'' , 

as required. 

This completes the proof of Proposition 17.221 □ 
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Part 3. Analytic and algebraic geometry of the sigma orientation 

In this part, we give an account of the string orientation in terms of the analytic geometry of the 
curve C = C/A. In Section [Oj we associate to a T-spectrum X a sort of sheaf J~{X) on C (actually 
it is a sheaf over a diagram approximating C) whose sections are calculated by an exact sequence 
like (16.5p . If X is a space, this is a sheaf of rings, and so gives rise to a ringed space F{X). If y is a 
complex vector bundle over X, the construction of F(X) is such that the Thom isomorphisms for 
ordinary Borel cohomology show that J-{X^) is a line bundle over F{X), and if this line bundle is 
globally trivial we have a Thom isomorphism in elliptic cohomology. 

We are interested in the special case when X = BSU{d) and V = SV{d) is the universal bundle 
over it. As before, we begin (in Section [TOl) by dealing with T-fixed space and generic points on the 
curve, which is to say we consider the subspace Y = BSU{d)'^ and its associated ringed space 2). 
In Section [TTl we turn to the analysis of points with finite isotropy and torsion points on the curve, 
and hence build up to the full space X = BSU{d) and its associated ringed space X. Moreover we 
construct a map from X to the space (T (g)^ C)/W , where T and W are the cocharacters and Weyl 
group of SU{d). Overall, we construct a commutative diagram of ringed spaces 

¥{BSU{df) > F{BSU{d)) 

2) > X > {t(g)zC)/W. 

Next we see that our elliptic cohomology Thom class gives a section of the twist of T{BSU{df^'^'^^) 
by the Looijenga line bundle pulled back from {T ®i C)/W. Turning to Stringc-hundles, let V be 
a complex representation of T of rank d and determinant 1, and as in ^2.F\ let BStringciV) be 
the pull-back in the diagram 

BStringc{V) > BStringc 

BSUid) BSU; 

we explained in §2.Fl that BStringc is a colimit of such spaces. We show that the Looijenga bundle 
becomes trivial over F{BStringc(y)), and it follows that our Thom class gives a trivialization 
of the line bundle T{B Stringc{V)'^'^^^) over F{BStringc{V)). Thus we prove the conjecture in 
[Andn.Sbl IAndn3aj in this setting. 

Finally, we conclude in Section [12] by rephrasing the situation in algebraic terms; we hope that 
this will eventually lead to an algebraic construction of the string orientation for equivariant elliptic 
cohomology theories associated to arithmetic elliptic curves. 

9. Elliptic cohomology and sheaves of Oc-modules 

The sequence (|6.5|) suggests that ECj{X) is approximately the cohomology of a sheaf on 
C: the iJ"(X'^;/C (g fact or concerns the behaviour of a section generically on C, while the 
HP:^{X^;0^) fact ors concern the behaviour in small neighborhoods of the points of finite order. 

In Sections 19-22 of |Gre05j . the second author constructs such a sheaf, which we describe in 
^9.Al however this does not have the formal properties we need, so in ^9.BI we construct a suitable 
completion with better behaviour. 

50 



9. A. The Grojnowski sheaf. We briefly recall some of the properties of the sheaf Ai{X) (which 
is denoted M.cF{X, EC) in [Gre05]). As usual, topological 2-periodicity corresponds to the peri- 
odicity given by multiplication by the invariant differential as in Subsection \6.A\ which we refer to 
as a;*-periodicity. 

Proposition 9.1. There is a functor A4 from T-spectra to to* -periodic Oc-modules enjoying the 
following properties. 

(1) If W is a virtual complex representation ofT, then 

M{S^) ^ Oc{-D{W))®uj*. 

(2) There is a short exact sequence 

Q^J:h\C;M{X)) ^^C-f(X) H°{C;M{X)) ^0. 

(3) 

(4) Let a be a point of C of exact order n, and let A'^T he the subgroup of order n (A = T if 
n = oo). For a finite T-space X 

M{X)a^EC:^{X^)®Oc,a. 

In the case that 

HJ{X^) ^ H^{X^) ® H^{BT), 

then 

M{X)a^H*{X^-Oc,a®UJ*). 

In the case of finite X and an elliptic curve of the form C = C/A, the sheaf M{X) is equivalent 
to that of |Gro07] : see |Gre05l §22]. As we have already observed, one of the important innovations 
of [Gre05] is to realize that this sheaf can be constructed in the case of a rational elliptic curve, by 
using the function rather than the covering C — )• C/A to make into an //*i?T-algebra. 

We shall be interested in taking X = BSU{d) or BStringc in which case it is more difficult to 
describe A4{X) explicitly. Instead, we introduce a variant of Ai, which amounts to working with 
the sheaf Ai{X'^) together with the collection of stalks A4{X)a for a of finite order. 

The long exact sequence (|6.5p shows that the difference between ECj{X) and ECj{X'^) is local 
on the elliptic curve: the "meromorphic" sections of ECj{X) or ECj{X'^) are just the meromor- 
phic functions on spec{H*{X'^)) x C, and the question of whether a meromorphic function s is 
holomorphic can be checked one point at a time. For X'^ , this is a question of checking whether 
for each a of finite order, Sa lives in 

HP*{X'^-0^) C FP*(A^;/C^) 

but for X on which T acts non-trivially one must specify for each finite A C T an element sa of 

HPi{X^-O^A) 

which restricts to s in 

HP*{X'^;0'X). 

We introduce a category of objects called ^'-sheaves over C to make this systematic. The termi- 
nology is intended to suggest a category £ like the category of elliptic curves, but with extraneous 
structure removed. Thus an £'-sheaf over C is like a sheaf over an object £{C) consisting of the 
relevant part of C . 

Definition 9.2. The category of S-sheaves over C is the category in which an object T consists of 
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(1) an cj*-periodic graded Oc-VLiodule Tf, 

(2) for each finite j4 C T, an a;*-periodic graded module J- a over tlie local ring Oa, and a map 
of graded O^-modules 

r^: J-^^(J-t)^^^). (9.3) 

A morphism T ^ T' consists of maps 

Ta -> T'a 

for ^ C T, which intertwine the maps ()9.3p . 

Definition 9.4. If T is an £'-sheaf over C, then a section s of J-" consists of sections sa of Ta for 
^ C T, such that for each finite 

'TASA = St- 

We write r(J^)* for the graded group of sections of J-. 

We formalize the motivating example. 
Example 9.5. If X is a T-spectrum, then Ai{X) defines an £^-sheaf Af{X) over C by taking 

AA(X)t := M(X^) 

and 

Mix) A ■.= M{X)c^A) 

with structure map 

M{xrciA)^M{x^rciA)- 

The construction applies equally well to show that any uj*- periodic sheaf of Oc-modules over C 
gives an f-sheaf over C by restriction. 

9.B. The completed Grojnowski S-sheaf of a T-space. Our main example, motivated by 
Proposition 16.41 is designed to highlight the regularity of various sections we later construct. It 
turns out to be a type of completion of the Grojnowski sheaf with convenient formal properties. 

Proposition 9.6. There is a functor 

T : T-spaces — > S-sheaves. 

It is defined by the formulae 

T{X)j = HP*{X'^;Oc) 

T{X)a = HP^{X^; O^) for A finite, 

with structure map 

HX)a = HP^X^; OX) ^ HPiiX-^- O^) = HP^X''; = (-F(X)t)^<^). 

The functor is a naive 2-periodic T-equivariant cohomology theory in the sense that it is homotopy 
invariant, exact and satisfies excision and the wedge axiom. 

There is a map 

M{X) T{X) 

natural in X, and it is an isomorphism at T in that F{X)y = M.{X'^) = J\f{X)f. If X is finite, 
then it is completion at A in that 

HX)a = HP*{X^-0'X) = M{X)^^^y 
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Proof. For behaviour at T, we need only note that Ai{X) is associated to the free E'C-module 
F{X'^,EC) of the same rank as HP*{X'^; Oc). 

For behaviour at A we need to recall that the stalk of the sheaf A4{X) at A consists of the 
homotopy groups of F{X, EC) A E{-^A), where E{^A) is defined by a cofibre sequence 

E{^A) ^ 5° ^ E{^A) 

and 

E{^A) = V E{B), 

where the wedge is over all finite subgroups B except A. Now consider the maps 

F{X, EC) A E{-^A) F{X^, EC) A E{^A) F{X^ A E{A),EC) A ^(-.4). 
The homotopy of the left-hand side is M{X)a, and the homotopy of the right-hand side is 

HP^iX^;0^)=T{X)A 

by the completion theorem. The first of the maps is an equivalence when X is finite since X/X^ 
is built from basic cells corresponding to finite subgroups other than A. The second of the maps is 
completion. □ 

If X is a space, then it will also be convenient to reverse the arrows and consider the ringed 
spaces over C given by 

F{X)j''^'{C,T{X)r) ^^^^ 

F{X)a = {C{A),T{X)a). 
In this guise the structure map of F{X) is a map of ringed spaces over C^^^^ 

{F{X)r)^ciA) -> nX)l. (9.8) 

Definition 9.9. We shall refer to a collection of spaces Fa for ACT, equipped with maps (j9.8p . 
as an S-space over C. If F is a iS-space over C, then we write Op for its associated iS-sheaf over C. 

Remark 9.10. As for f-sheaves, any ringed space over C gives rise to a i?-space over C by 
restriction. 

Proposition 9.11. If X is a T-space with H*{X'^) concentrated in even degrees then there is a 
natural isomorphism 

nO^i^x)? ^ EC^{X). 

Remark 9.12. If we assume in addition that H*{X^) is in even degrees for all finite subgroups 
A, then r(Op(x)) will be entirely in even degrees, and hence it will be isomorphic to the even part 

of Ec:^{x). 

Proof. Consider the diagram 

r(7-(X))0) >HP^{X'^-Oc) X U^HP^iX^-O'X) HP^{X'^-]C'^) 



EC^{X)) >HP%X'^;IC) X fl^ O^) /C^) > EC\{X). 

The exactness of the top row describes T(T(X))^ . With our hypotheses, the bottom row is exact, 
by Proposition 16.41 The only difference between the middle terms is the Oc, mapping to JC in the 
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bottom. The middle vertical arrow is the obvious map, and it is injective. It is clear that the left 
vertical arrow exists, and is injective. 

But in fact, with our hypotheses the two maps labelled F and G above have the same kernel. 
Suppose that sj G H^{X'^]K) and sa G for A C T comprise an element s G KerG. 

We have 

ST € HP^{X^;K:) = hom{HPoX'^,IC), 

and to ask whether 

sj G Oc) = hom{HPoX'^, Oc) 

is to ask whether, for all x G HPqX'^ , sj{x) has no pole at any point of finite order. To check this, 
it suffices to check at each point a of finite order that the Laurent series expansion of sj{x) at a 
has no pole. The collection of these Laurent series as x varies is an element of 

hom(i7P*X^,/C^) ^ HP^{X'^Xr) 

as indicated above. To say that s is in the kernel of G is to say that the image of 

SA G HP^^{X^- 0%) 

under 

HPi^{X^-0'X) ^ HP^iX'^-O'X) ^ HP\X'^-0'X) ^ hom{HPo{X''),0^) ^ hom{HPo{X''),}C^) 

gives the Laurent series expansions of sj at the points of G{A). Clearly such an sj is in HP^(X'^ , Oc), 
and so s can be considered as an element of Ker F, as required. □ 

9.C. £^-sheaves over T-fixed spaces. We recapitulate the discussion of EGj{X) from the intro- 
duction to this section, in terms of the £'-sheaf F{X). 

If T acts trivially on Y, then 

TiY)A = {T{Y)j)^^^^, 

and so F{Y) contains no additional information beyond F(Y)j. In terms of spaces, F{Y) contains 
no more information than F(Y)j. 

If X is any T-space, then 

T{X)t ^ .F(X^)t, 

or equivalently 

F{X'^)j = F{X)j. 

However, if ^ C T is a subgroup of finite order, then we have only the restriction map 

J^{X)a = HP^{X^- 0%) ^ HP^{X'^- 0%) ^ HP^iX'^- 0%) = HX'^)a. (9.13) 
Thus the map of T-spaces 

F(X'^) ^ F(X) 

induced by the inclusion of fixed points is an isomorphism over a generic point of C, but at the 
point of finite order, F{X) is the thickening of Y{X'^) given by (I9.13p . 
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10. Analytic geometry of the sigma orientation I: T-fixed spaces 

In this section we consider Y = BSU{d)'^ and construct an £^-space 2) and an isomorphism of 
£'-spaces 

F{BSU{df) ^ 2). 

As for the Thom space of the universal bundle SV{d), we construct an ideal sheaf I over 2) which 
corresponds to J^{{BSU{d)'^)^'^^^^) under the displayed isomorphism, and we explain the sigma 
orientation in terms of this model. 

In Section [TT\ we will extend our analysis to points of X = BSU (d) with finite isotropy and 
torsion points on the elliptic curve. This enables us to construct an S-space X and an isomorphism 
of f-spaces 

F{BSU{d)) ^ X. 

The ideal sheaf I over X then corresponds to J-{BSU{d)^''^^'^^) under this isomorphism, and the 
analysis of the sigma orientation extends to the whole space BSU{d)'^ . 

10. A. The £^-space associated to the T-fixed points of BSU{d). For brevity we write Y = 
BSU{d)'^. Since T acts trivially on y, we have 

= H^{Y) = H*{Y X BT), 

and so T{T{Y)) is given by the exact sequence 

^ T{T{Y)) HP^{Y- Oc) X HP^{Y- 0%) HP^{Y; }C^), (10.1) 

A 

while r(^(y'5^W)) is given by the exact sequence 

^ r(^(y^^W)) ^ i7pO(y^^('^)";Oc) x llHP^iY^''^''^^;0^) ^ FpO(y^^('^)";/C^). (10.2) 

A 

For each component Z of Y, HP*{Z) is a domain, and so each factor in the right of (jl0.2p is a 
principal ideal of the corresponding factor in (|10.ip . generated by an Euler class. Our goal is to 
understand these ideals. 

Recall from Proposition [321 that elements E G HP^{Y) = HP'^{BSU{d)'^) are given by compat- 
ible elements 

E{m) G HP^BT)^^""^ 
where m ranges over T = Hom(T,T). Now 

spfFP°(OT) ^ Ga, 

and the projection 
gives an isomorphism 

Ga — C, 

SO we have 

spf HP^{BT) ^TOC. 
Thus we may view an element of HP^iY; Oc) as a family of functions 

{t^C)/W{m)xC^C. (10.3) 
This suggests that we make the following definitions. 
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Definition 10.4. For m : T — ?> T, let Xm be the space 

Xm = {f(S)d)/W{m) X C. 

Note that this is a ringed space over C, so Ox^ is an Oc'-algebra. For w G W, there is an evident 
isomorphism 



which is the identity ii w G W{m) so that w = wm. Thus let 
Let 2) be the (?-space with 



n ^m]/W. 



2}t = Xt, 

and 

2)a = (Xt)^(a>- 

Proposition 10.5. For each m : T ^ T, labelling a component BZ{m) of BSU{d)'^ , there is a 
canonical isomorphism of Oc- algebras 

or equivalently of ringed spaces over C 

Y{BZ{m))r ^ 

These assemble to an isomorphism 



T{BSU{d)'')j =( U Ox^] , 



or equivalently an isomorphism of £ -spaces 

F{BSU{df) ^ 2). 

□ 

Let SV{d) be the tautological bundle over BSU{d). We turn now to the Thorn space y'^^('^). 
Suppose that m = (mi, . . . ,md) G T C Z'^ labels a component BZ{m) of y = BSU{d)'^, and 
Xi € H^{BT) are the corresponding generators. The equivariant Euler class of SV{d)\Qz{m) iii the 
orientation of ordinary cohomology given by the sigma function is 

fm{x,z)'^= eT{SV[d))\BZ{m) = J| cj(xi + mjZ, r) . (10.6) 

i 

This defines a holomorphic function 

fm:{f® C)/W{m) X C ^ C, 

but it does not descend to Xm = {T ® C)/W{m) x C as in (|1U.3|) . Instead, it is a holomorphic 
section of a line bundle Cm over Xm, as we now explain. 
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10. B. The Loojienga line bundle. There is a line bundle over 

f 0C = f (C^//) 

given by the formula 

(f «)C^) X C 



(10.7) 



(n,A) ~ (ng™,Ati-^(™)g-'?^(™))' 
and the Weyl-invariance of / and (j) (j7.1ip imply that this line bundle descends to a line bundle on 
(T (S) C)/W, which we call C As far as we know it was introduced by Looijenga |Loo76j : its role 
in elliptic cohomology was first indicated by Grojnowski |Gro07j and has been further studied in 
[AndOOl IAnd03b] . We can regard (t{u, q) as giving a VF-invariant function on (T ^ C^), and the 
functional equation 

of Lemma 17.131 implies that the product of sigma functions 

i 

descends to a holomorphic section of C 

Addition in the abelian group T C induces a map 

^^■.X„, = {f(S)d)/W{m)xC ^ (t®C7)/W(m)x(f®C)^(") ^ {f0C)/W{m) -> {f0C)/W; 

if (ai, . . . , ad) GT ^ C represents a point of (T ® C)/W{m) and z G C, then 

Hm{ai, ...,ad,z) = (ai + miz, . . . , + nidz). 

This has the following relationship to topology. The Borel construction of SV{d) is classified by a 
map 

BZ{m) xBT^ BSU{d), 

and so provides a map 

//^P : {f®C)/W{m) xC ^spiHP^{BZ{m) x BT) ^ spi HP^{BSU) ^ {f®d)/W. 
Lemma 10.9. The diagram 

spiHP^{BZ{m) X BT) spi H {B SU (d)) 



{f ® C) /W{m) X C (T ® C)/W 

commutes. 

Proof. This is an expression of the fact (see (j4.1ip ) that 

cf(SV(d)) = J](l + x, + miz). 



□ 



Definition 10.10. Let £m be the line bundle 

^ def ^, ^ 

over Xm- Explicitly, Cm is obtained from the line bundle 

(f ®C^) X X C 
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(10.11) 



over (T (g) C^) X C by restriction to (T (g) C) x C and then descent to Xm- 

It is easy to check that the functions fm of (I10.6P descend to the holomorphic sections 

of Cm- By construction, these are compatible as m varies. 
Proposition 10.12. For w G W , the diagram 

T >je 





{T(g)C)/W 

commutes, and so the maps assemble to a map 

fiT-.Xj^ it^C)/W. 

□ 

By the Proposition, the Cm descend to a line bundle 

Cj = fijC — > Xt, 

equipped with a section /x = fj-^a. Because the sigma function has zeroes, /x is not a trivialization 
of £x- Instead, let I(/x) be the ideal of zeroes of /x- 

Corollary 10.13. The section fj is a trivialization of the line bundle Cf ®T{f'f). □ 

10. C. Trivializing line bundles of string bundles I: T-fixed spaces. We now turn to the 
sigma orientation. We retain the abbreviation Y = BSU (d)^ from Subsection llO.Al and we continue 
to write SV{d) for the tautological bundle over Y . Since in Definition ll0.41 2) is just Xx, considered 
as a f -space without thickening, we may trivially regard Cf^ /x, and X(/x) as living over 2). 

Proposition 10.14. After identifying 

Y{Y) ^ 2) 

the map 

jr{Y^Vid)-^ -> F{Y) 

induced by the zero section C, -.Y ^ yS'V(d) i^fiy^^gg ^n isomorphism of line bundles over 2) 

x(/x) - j-(y^^W). 

Proof Both X(/x) and jr(y'5V(d)) 

are ideal sheaves on 2), locally generated by a single element of 
J-"(y). We shall show that, locally on 2), the generators differ by a unit. 

Let a be a point of C, of order n with 1 < n < oo. Let 

sv{dy = 5v((i)^['^i. 

Then 

iHY)T)2=HP\Y;0^), 

while 
Let 

m = (mi, . . . , rud) £ f C Z'^ 
58 



be a cocharacter, labelling a component Z = BZ{rn) of Y . Then HPj{Z^^^'^^°' O^) is the ideal in 
HP^{Z; O^) generated by its Euler class 

eT(5V(d)")= Yl a{xj + mjz). 

mj=0 mod n 

On the other hand Z{fj)^ is generated by 

fmiSVid)) = ej{SV{d)) = eT{SV{dr)ejiSV{d)/SV{dr), 

where 

ej{SV{d)/SV{d)'') = J| a{xj + mjz). 

nij^O mod n 

The argument in the proof of Proposition 18.191 applies: the Xj are topologically nilpotent, and 
so ej{SV{d)/SV{d)'') is a unit of HP^{Z;0'^Y, and f„,{SV{d)) generates the same ideal as 
eriSVidf). □ 

We can display the situation described by the Proposition in the following diagram, in which 
each square is a pull-back, and the curved arrows are trivializations of the indicated sheaves. 

C{SV{d)) ® Ct Z(/t) > C «) I{a) 



F{Y) = > 2) > (f C)/W 

Thus a T-equivariant SU (d) bundle V over a T-fixed space Z gives rise to a map 

/i:F(Z)^2), 

and we can form the line bundles 

C{V) = h*Cj 
X{V) = h*I{h) 

over F{Z). The section 

a{V) = h*h 

is a trivialization of C{V) <^I{V), and we have a canonical isomorphism of line bundles 

T{Z^)^I{V). 

In Section [TTl we explain how to handle the full space BSU{d), and so spaces on which T acts 
non-trivially. Before doing so, we discuss the sigma orientation for T-fixed spaces Z. 

Suppose that for i = 0,1, Vi is a T-equivariant SU {d)-hundle over a T-fixed space Z, and let 
V = Vq — Vi. We then have two maps 

hi : F{Z) ^ Xt, 

and we can form the line bundles JC,{Vi) = h*C'f with sections a{Vi) as above. The ratio 
is a trivialization of 

C{Vi)®X{Vi) C{Vi)(^T{Y^^y 
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Proposition 10.15. If(^{V) = then 

C{Vo) = C{Vi). 

Thus if cf (T^) = 0, then (7[V) gives a trivialization of 

as a J-'(Z)-module. This is precisely our Thorn class from Theorem 17.231 

Proof of Proposition \1U.15[ We can factor the maps 

hi-. Z ^ BSU{d) 

as 

hi : Z ^ BZ{mi), 

where rrij : T — )■ T are cocharacters. Then the formula (jlO.lip shows that Cm = C-mo ® is 
obtained from the line bundle 

(f ®C^)2 X X C 
(uo, ui,z, A) ~ (no, ui,zq^ Auq ''^^""^nf ("^)z-2fc</'{™o)+2fc<^{mi)^-fc2</,{mo)+fc2<^{mi)) 

over 

(r®c^)2 X c. 

by restricting to {T ® C)"^ and then descending to 

{{f®C)/W{mQ)) X ((r(g)C)/PF(mi)) X C. 
By Lemma 11131 if cf (F) = 0, then 

</>(mo) = ^(mi), 

and over Z, 

/(mo) _ 

and so this line bundle is trivial. □ 

11. Analytic geometry of the sigma orientation II: finite isotropy 

In Section [lOl we considered the fixed point set Y = BSU {d^ and constructed a model 

Y{BSU{df) ^2). 

In this section we consider the entire space X = BSU (d) and extend the analysis to give a model 

F{BSUid)) ^ X, 

beginning with 

Xj = FiBSUid))j ^ F{BSU{df)j ^ 2)t. 
In Section [T0| we also constructed a map 

: F{BSU{d)'^) (f C)/W 

of £^-spaces over C. Over (T (g) C)/W we have a line bundle C, equipped with a holomorphic 
section a defined by products of the Weierstrass sigma function. Turning to the Thom space of 
the tautological bundle SV{d) over BSU{d), we showed that T{{BSU{d)'^)'^^'^'^^) is the ideal sheaf 
on F{BSU{d)'^) of zeroes of fija. In this section, we give a similar analysis of F{BSU{d))A and 
J- {BSU {d)^^^'^'^)A for finite and assemble the information to give a global analysis of the £'-space 
line bundle J^{BSU{d)^^^'^^) over X = F{BSU{d)). 

60 



11. A. Overview. It is not hard to describe the basic idea. Let m : A ^ T label a component 
BZ{m) of BSU{d)^. Since H*{BZ{m)) is concentrated in even degrees, Lemma 16.31 implies that 
there is a (non-canonical) isomorphism 

HP^{BZ{m); O^) ^ HP\BZ{m); O'X). (11.1) 

The right-hand side is the ring of functions on 

{f(^C)/W{m) X C^. 

The idea is to construct a map 

/i^ : (f C)/W{m) xC'X^{f® C)/W, (11.2) 
like the map in (jlO.Sp . Then we can form the line bundle 

with section 

fm — l-^m^i 

and identify T{X^^^'^))a with Z(/„), as in the T-fixed case. 

There are two related problems. The first is that the isomorphism (jll.ip is not canonical, and we 
must be able to construct the map compatibly with restriction to BSU (d)"^ in order to extend 
the analysis of Section [TOj The second is that the homomorphism 

m = {nil, • • • ; "T-d) ■ A ^ T 

does not quite determine fim as in (jll.2p . We do get a homomorphism 

C[A] ^ (f 0C)^(™), 

and so a map 

HZ"^ : {t^C)/W{m) X C[A] (toC)/VF(m) x (T O C)'^^'™) -> f C7/l^, (11.3) 

analogous to (jlO.Sp . The problem is to extend this map to the formal neighborhood of C {A) . 

11. B. The £'-space associated to BSU{d). The T-action on BZ{m) C BSU{d) (see Remark 
12. ip provides the extra information we need. As we have already observed in equation (jS.lip . the 
Borel construction 

SV{d) XT ET BZ{m) Xt ST 

is classified by a map 

BZ{m) XT ET BZ{m), 

inducing a map 

Hmfl ■■ spiHP^{BZ{m) XT ET) ^ (T (g) d)/W{m). (11.4) 
A choice of isomorphism 

HP^{BZ{m) XT ET) ^ HP^{BZ{m) x BT) (11.5) 
permits us to view /im,,o as a map 

(f O C)/W{m) xC ^{t0 C)/W{m) ^ (f O C)/W{m), 

61 



giving us the desired map ()11.2p in a formal neighborhood of 0. We can then define fim at a point 
a of exact order n by translation, noting that the diagram 



{f(^C)/W{m) X C[A] 

IxTa 

{t(^C)/W{m) X C[A] 



-> if(g)C)/W{m) 



' m(a) 



(11.6) 



-> if®C)/W{m) 



commutes. 

In doing so, there is little to be gained by choosing the isomorphism (|11.5|) . Instead, we note that 
spl HPj{BZ{m)) is in any case a formal scheme over C = spiHP^{BT), and so for m : A ^ T 
labelling a component BZ{m) of BSU{d) , WG define to be the formcil sclieme over given 

by 

^m= U Tl,spiHP^{BZ{m)). 

a&C(A) 

By construction, for u; € we have natural isomorphisms 



and so setting 

we have an isomorphism 
Since by Proposition 110. 5^ 
we get a map 

Xa = F{BSU{d))A -> (F(55C/((i))T)^(^) 

and so jC is a £^-space. 
For m : yl — 7- T, let 

be the map which on the o component of is given by 



Xa = ( II Xm] /W, 

F{BSUid))A = Xa. 

(F(i35t/(d))T)^(A>=(^T)^(^), 



C{A): 



spfHP^{BZ{m)) ^ {T(S)C)/W{m 
It is easy to check that the iim for m : A T induce a map 

flA-XA^if^ C)/W. 

Then we have the following. 

Proposition 11.7. For A <ZT, the diagram 

> Xa 



^ m(a) 



> {f®C)/W{m). 



> {f®C)/W 

commutes. Thus the isomorphisms of ringed spaces above fit together to give an isomorphism 

Y{BSU{d)) ^ X 

62 



of S-spaces over C , and a map 



Proof. We consider what is happening over a particular point a S C of exact order |^|. We also 
work one component at a time: fix a pair of homomorphisms 




A, 



labelling a component BZ{m) of BSU{d)^, and a component BZ{rh) of BZ{m)'^. We must show 
that the diagram 



> {f(^C)/W 



commutes. 

Note that the diagram 



(Hi 



(T C)/W{m) X (T C)/Wim) x 



> (f X C)/VF(m) 



(r(g)C7)/Ty(m) 

commutes: if m = {mi, . . . ,md) G T C TL'^, then either composition sends the element of (T 
C)/W{m) X Cq represented by (xi, . . . , Xd, z) G (T (g) C) x Cq to the class of 

(xi + mi(z + a), . . . + + a)) 



in (T C)/W{rh). Thus the counterclockwise composition in the diagram (jll.Sp at a may be 
replaced by the top row in the diagram 



(^m)a 



(X^)a (X„)o (r®C)/T^(m) (r®C)/H^(m). 

The commutativity of the first square and third squares is straightforward. The commutativity of 
the second square follows from Lemma 111). 91 and the commutativity of the diagram 



m(a) 



BZ{m) XT > BZ{m) x^ ET 



BZ{m). 



□ 
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with section 
over Xm, and 



11. C. Building the hne bundle of the Thorn space over BSU{d). Once again, let SV{d) 
denote the tautological bundle over BSU{d). Having described the £'-space F{BSU{d)) over C, we 
turn to the f-sheaf J^{BSU{df^^'^^) over C. As in Section [T0\ which treated the case A = T, we 
can now define for finite A and m : A ^ T a line bundle 

^ def * ^ 
l-m — f^rn-'- 

. def ^ 
Jm — /^m*^ 

r def ^ 
J-A = fJ'A^ 

r def ^, 
J A = fJ'AO- 

over Xa- We have the following analogue for finite A of Proposition 110.141 
Proposition 11.9. The isomorphism 

F{BSU{d))A = Xa 

identifies T{BSU{d)^^^^), considered as a sheaf of ideals on F{BSU{d))A via the zero section, 
with the ideal sheaf I{fA)- 

Proof. Let m : ^4 ^ T be a homomorphism, labelling a component BZ{m) of BSU{d)'^. Let 
a € C{A). Suppose that a is a lift of a to C, and a = is the corresponding lift of a to C^. Let k 
be the integer such that 

a" = q^. 

Let m be a cocharacter making the diagram 




(11.10) 



A 

commute. Recall that ^a is given near a by 

sviHP^{BZ{m)) ^ {f®C)/W{m) {T®C)/W{m). 
Recall from (|10.7p that C ^ {T ® C) /W is obtained from the line bundle 

(r^c^) X c 

(ii,A) ~ (ng™, An-^{™)g-<?^(™)) 
over T C, and in terms of this trivialization a is the section 

u 1-7' {u, a{u, q)). 

Recall that 

where the maps in question are 

spfHP^{BZ{m)) {f(g)C)/W{m) {f (g) C)/W{m). 

Up to a unit multiple (depending on the choices rh and a), T^^^^a is given near the origin in 

f OC^ by 

T^A(T{u,q) = a{uQ^,q). 
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On the other hand, J^{B Z (m)^^^^')) a is the ideal in 

T{BZ{m))A = HP^{BZ{m)- OX) 

generated ej{SV{d)^), and so T*T{BZ{mY^^'^'^)A,a is the ideal in HP°{BZ{m),C^) generated by 
T*eT{SV{d)'^). These two classes can't be compared directly, because a{ua"^,q) does not descend 
to (T C^)/W{m). It is for precisely this reason that in Section [8.BI we introduced the class 

We showed that this class does descend to a function 5a{u, m, d) on (T ^C^) /W (m) . As such it de- 
fines by restriction to {T 'SiC)/W{m) an element 6AiSV{d),m,d) G H [B Z (ni) , Cq) . Comparison 
of (|8.1ip and (|11.4p shows that the associated Borel class 6^ from Section [8.BI is precisely 

6^ = 6^{SV{d),m,d) = fil,^MSV{d),m,d) G HP^{BZ{my,C^). 

On the one hand, 6A{SV{d),rh,d) is a unit multiple of T*^a, and so 6^{SV{d),m,d) is a unit 
multiple of /a- On the other hand. Propositions 18.171 and [HTTOl show that 6^ = (<5^)^(<5^)^ is a 
unit multiple of r*eT(5V(d)^). Thus the two ideal sheaves and J'{BSU{df^'^'^^)A coincide, 

as required. □ 

We now turn to the analogue of Proposition 110.151 and show that the line bundles Ca are 
canonically trivialized after restriction to F{BStringc)- 

The expression 

defines a function on (T (^C^)/W{m) near the origin, and as we show in Prop osition 1 1 1 . 9l it gives 
a trivialization of 

(^m(a)-^(^))0 - ^(o-)m(a) 

over (T (g) C'^)/W{m) and so over (T (g) d)/W{m). It follows that 

6A{SV{d),m,a) = fj,^Q6AiSV{d),m,a) 
is a trivialization of over 3im,a- 

This trivialization depends on the choice of lift a, but if a' is another lift of a related to a by 

/ s 
a = aq , 

then we showed in Lemma 18.91 that 

6^iSV{d),m, a') = wia, q^/"')'^'^'^^ 5^{SV{d),m, a), 
where i(;(a, g^^") is the Weil pairing of a and (the image in C of) q^^"^. 
If we let £ be a lift as in the diagram 

(11-11) 

C{A)> > C 

then we can assemble the resulting functions into a trivialization 5\{SV{d)^l) of I{fA) over Xa- 
The section /a tautologically gives a trivialization of Ca ®X{fA)-, and so the ratio 

^{SV{d),i)=fAl5l{SV{d)a) 

is a trivialization of Ca over Xa- 
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If i and i' are two lifts, let 

s{l\t) : C{A) ^TL 

be the function such that 

For ra : A ^ T labelling a component of BSU{d)^ and for a G C{A), then, we have the nth root 
of unity 

c{m,a,£',e) = u;(a,gi/")"(^''^'")'^('"). (11.12) 

On the right, (f){m) means (f>{m) for any lift m : T ^ T of m; since w{a,q^^^)^ = 1 the right hand 
side does not depend on this choice of lift. Also for w G W, (j){m) = (j){wm), and so as m and a 
vary we obtain a locally constant function 

c{SV{d),£',£) -.XA^f^A = {C e C^IC'^I = 1}, 

such that 

6^{SV{d),f) = c{SV{d)J',e)6^(SV{d),£), 
and so we have the following. 

Lemma 11.13. If £' and £ are two lifts, then 

7iSV{d),£) = c{SV{d),£',£hiSV{d),£'). 

□ 

The lemma implies that the trivialization 7^ becomes independent of £ upon restriction to Strings 
bundles. One way to formulate this is the following. Let Vq and Vi be two T-equivariant SU{d)- 
bundles over a T-space X, and let V = Vq — Vi. Let 

h^ : F{X)a ^ F{BSU{d))A 

be the map induced by the map X — > BSU{d) classifying Vi. We can then form the bundles C{Vi)A 
over F{X)a by pulling back as in the diagram 

jO-{Vi)A > Ca > C 



Y{X)a Y{BSU{d))A X. 

Let 

-f{V,£) = hh{SV{d),i) 
jiVi,£') = hMSV{d),£') 
be the indicated trivialization of C{Vi)A, and let c{Vi,£',£) be the composition 

c{Vi,£',£) : F{X)a % F{BSU{d))A '^^''^''^'''''^ f^A- 

Finally, let 

C{V)a = C{Vo)a(^C{Vi)-^ 
^{V,£) = ^{Vo,£)®j{Vi,£r^ 

j{V,£') = ^{Vo,£')®7{Vi,£')-' 
c{V,£',£) = c{Vo,£',£)c{Vi,£',e)-\ 

Then Lemma 111.131 implies that 

^{V,£) = c{V,£'Jh{V,£'), 
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and we have the following. 

Proposition 11.14. //cf (F) = then c{V,£,£') = 1, and so 'y{V,£) = 'y{V,£'). In particular, over 
over F{X)a we have a canonical trivialization = Ia/^a ^A, independent of choice of lift £. 

Proof. The argument is the same as in the proof of Proposition I10.15[ Let Z he a component of 
X^. We can factor the maps 

/i, : Z ^ ^ BSU{d)^ 

as 

hi : Z ^ BZ{mi), 

where rrii : A are homomorphisms. By ()11.12p . on F(Z)^^a, c{i,i' , V) is given by the formula 

c{V,£,e') = ?i;(a,gi/")"(^'^»W"«)~'^(™i)). 
By Lemma SlSl if cf (F) = 0, then 

(/)(mo) = </>(?Tii) mod \A\. 

□ 

11. D. Trivializing line bundles of string bundles II: the global case. Finally, we may draw 
the threads together, describing the line bundle given by the £'-sheaf of a Thom space and showing 
that there is a canonical trivialization for S'trmgic-bundles. According to Prop osit ion 1 1 1 . 7| we have 
an isomorphism of ^'-spaces over C 

F{BSU{d))^X, (11.15) 

and a map 

Over (r (g) C)/W we have the line bundle C, equipped with its section a. Let / = fi*a be the 
resulting family of sections of fj,*C over X, and let I{f) be the associated ideal sheaf. Combining 
Propositions 110.141 and lll.9( we have the following. 

Theorem 11.16. Let SV{d) denote the tautological bundle over BSU{d). Pull-hack along the zero 
section identifies J-{BSU{d)^'^^^^) with a sheaf of ideals on F{BSU{d)). The isomorphism (jll.lSp 
carries the ideal sheaf J-{BSU{d)^^'^'^^) to the ideal sheaf X{f). □ 

If X is a T-space, and y is a T-equivariant SU {d)-hxm<i\e over X, then the map 

X BSU{d) 

classifying V induces a map 

h : F(X) -> X 
of £'-spaces over C. Thus we can form the line bundle 



with section o'{V) = h* fj,*a. Let 
then cr{V) is a trivialization of 



C{V) = h*fi*C 



1{V) = h*I{f) : 



£{V) (^I{V) ^ C{V) T{X^ 
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The situation is illustrated in the diagram 

C{V) ® 7{X^) )■ C CS> I{f) > £ «) I{a) 



a{V) 



h 



f 



F{X) > X > (T (g) C)/W. 

Now suppose that Vq and Vi are two T-equivariant SU (d)-bundles over X. Let V = Vq — Vi and 
set 

CiV) = C{Vo) C{Vi)-\ 

and so forth. 

Theorem 11.17. IfV = Vo — Vi is a difference of SU{d) -bundles over X and cf (y) = then the 
bundle C{V) is trivialized, and so o'iV) may be viewed as trivialization of 



X{V) ^ T{X^). 



This trivialization of the £- sheaf T{X^) coincides with the Thorn class provided by Theorem 



1.23 



Proof. The identification T{V) = J-{X^) follows from Theorem 111. 16[ Proposition IIU.I"^ provides 
a trivialization of C{V)j, and Proposition 111.14] provides a trivialization of C{V)a- The fact that 
cf (^) = implies, as in Proposition 18.13] that these trivilizations are compatible on (F(X)t)^^^^: 
precisely, 

The formulae for the sections cr{V) are the same as the formulae we have given for T,(y). □ 



We conclude this section by reformulating Theorem 111.171 in terms of the universal bundle StrV 
over BStringc. We briefly recall the construction of Subsection 12. Fl where SV{d) denotes the tau- 
tological bundle over BSU {d), W denotes a complex representation of T of rank d and determinant 
1 and i\Y : BSU{d) — > BSU is the map classifying SV{d) — W. As described in Subsections 12. Dl 
and [in BSU is the colimit of maps of this kind. Finally, we let BStringc{W) be the pull-back 
in the diagram 

BStringc{W) > BStringc 



BSU{d) BSU, 

and we let 

StrVw = {SV{d) - W)\BStringciW) 

denote the tautological String^ bundle over BStringc{W). 
We may now restate the theorem for the universal examples. 

Corollary 11.18. The bundle C{StrVw) is canonically trivialized, and so a{StrVw) is a trivial- 
ization of 

I{StrVw) = J^iBStringciWy'^^''^^). 

□ 

68 



12. COHOMOLOGY OF UNITARY GROUPS AND MODULI SPAGES OF DIVISORS 



We give an account in terms of divisors of the analysis in Section [101 It is illuminating to do so 
for its own sake, and it indicates an approach to the T-equivariant sigma orientation for general 
elliptic curves over Q-algebras (i.e., those for which analytic methods are not available). 

12. A. The classical non-equivariant description. The starting point is the observation that 
if BU{d) denotes the nonequivariant classifying space for [/((i)-bundles, then 

spfHP^{BU{d)) ^ C'^/^d = Div^(C) 

is the formal scheme of effective divisors of degree d on C, the formal group of C. (We continue to 
work with an elliptic curve in the form 

C = C/A, 

so the projection C — )■ C induces an isomorphism of formal groups C = Ga-) Moreover, the 
determinant 

BU{d) BU{1) 

corresponds to the map 

Div^(C) ^ C 

which sends a divisor ^{P) to so 

spfHP^{BSU{d)) ^ Div^(C)o 
is the scheme of effective divisors which sum to zero in C. (See Strickland [Str99| ). 

12. B. Centralizers. Now we consider the T-equivariant classifying space. Let T be the maximal 
torus of U{d), and let 

m = {nil, • • • ; "T-d) : T — 7- T 

be a cocharacter, corresponding to a component BZ{m) of BU{d). Let us suppose that we have 
arranged m in increasing order, so it is of the form 

meo+i = ■■■ = rue^ < m-ej+i = • • • = 

<■■■ (12.1) 

< me^_^+i = ■■■ = rue^, 

with = eo < ei < ■ ■ ■ < Cr = d. It is convenient also to number this partition by setting 
di = Si — Ci-i for 1 < i < r, so 

di > 1 

r 

y^^di = d. 

i=l 

It is clear that every m : T — )• T is conjugate to exactly one of this form, and so these suffice to 
describe BU{dY . It is also easy to see that 

Z{m) ^ U{di) X ••• X U{dr), 

and so 

spfHP°{BZ{m)) ^Div^i(C) x •••Div^'-(C) : 

69 



this is the scheme of r effective divisors Di , . . . ,Dr, with deg Di = di. Another way to say this is 
that if we write the tautological divisor D over Div'|_(C') x C as 

i 

then the array m labels each point Pi with an integer m,, and spi H (B Z (m)) is the scheme of 
effective divisors labelled with integers in this way. 

Definition 12.2. Let m : T — ?> T be a cocharacter as in (jl2.ip . We define 

Div™(C) = Divine*) X • • • Div+' (C), 

and we write Dm for the tautological divisor over Div™(C) x C. If P is a point of Dm, then we 
write mp for its integer label. We write 

Bw'^{C)o =^Div'[^(C) n Div^(C)o 
for the subscheme consisting of divisors which sum to zero in C. 

Strickland's ideas, applied to our calculation of H*{BSU{d)'^) in Proposition 14.71 imply the 
following. 

Proposition 12.3. Let T be the maximal torus of diagonal matrices in SU{d), and let 

be a cocharacter, corresponding to a component BZ{m) of BSU{d)'^ . Then 

sviHP^{BZ{m)) ^ Div™(0)o. 

□ 

Definition 12.4. If P is a point of C and n is an integer, let D{P,n) be the divisor 

DiP,n)'^' Y: (a). 

{aeC\na+P=0} 

Proposition 12.5. Let 

m = (m-i, . . . , md) : T — )■ T 

be a cocharacter of the form (112. ip . labelling a component BZ[m) of BSU{d)'^ . Let SV{d) be the 
tautological bundle over BSU{d). Lf we write the tautological divisor over 

spiHP^{BZ{m)) xC^ Div'^{C) x C 

as 

Dm = Y^^Pi), 

i 

numbered so that mi = mp., then ECj{BZ{m)^'^^'^^) (viewed as a sumbodule of ECj{BZ{m)) via 
pullback along the zero section) is the cohomology of the ideal sheaf of the divisor 



I 
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Proof. By Proposition 110.141 it is equivalent to show that 

Div(/^) = ^Z)(Pi,m,). 

i 

The reduction m corresponds to decomposing SV{d) into isotypical summands according to the ac- 
tion of T. The choice of Pi corresponds to using the sphtting principle to decompose the tautological 
bundle SV{d) over BSU{d) as 

SV{d)\BZ(m) =Li^ C(mi) e • • • Lrf ® C(mrf). 

If Xi = ciLj, then 

fmix,z) = Y\_(^{xi + miZ,T). 

i 

The result follows from the fact that a vanishes to first order at the points of the lattice, and 
nowhere else. □ 

12. C. The global equivariant picture. We now ask, what is the failure of D^a = Div(/m) to be 
the divisor of a function on C? The Riemann-Roch Theorem gives two conditions. 

Proposition 12.6. Let m : T ^ T be a cocharacter, corresponding to a component of BSU{d)'^ 
and let (j) denote the function from Subsection \4-E\ Then 

deg(/m) = 2(f){m), 

and if we write 

i 

as in Proposition \ 12. 31 then sums to 
in the elliptic curve. 

Proof. Let us examine a typical summand D{P, n) of fm- If Q is any point of C such that nQ = P, 
then 



D{P,n)= Y^iQ + b). 



nb=0 



This shows that 
and it follows that 
Meanwhile, 

and so 



deg D{P, n) = n^, 
deg(/m) = 2(/)(m). 

Q + b = nP+Y b = nP, 



Q + h = nP+ Yf 

nb=0 nb=0 



i i 

□ 
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Now suppose that for i = 0,1, Vi is a T-equivariant B SU {d)-hxmd\e over a T-fixed space X, and 
let V = Vo — Vi. Suppose for simplicity that H*{X) is concentrated in even degrees, and let 

D = spfi/P°(X). 

Let be the divisor on 3 x C which is obtained by pulling back along the map 

D X {T®C)/W' X C. 

Then we have the following. 

Theorem 12.7. /f cf (F) = = cf (y), then — is the divisor of a meromorphic function on 
the elliptic curve Ti x C overD, and this meromorphic function is a trivialization of ECj{X^) as 
an EC^{X) -module. 

Proof. Let m* be a reduction of the action of T on Vi. By Lemma 14.131 the characteristic class 
restrictions imply that 

and that 

PeDO Q&D^ 

□ 

Appendix A. On the relationship between Borel homology and cohomology 

In the appendix we work with coefficents in k, so that the coefficient ring of Borel cohomology 
is H*(BT) = H*{BT; k) = k[c\. In our applications, k will be a field, but we make this assumption 
explicitly where necessary. 

The naive Kronecker pairing 

Hl^{X; N) YioTn{HjX, N) 

relating T-equivariant Borel homology and cohomology with coefficients in a A;-module N fails to 
take account of the coefficient ring H*{BT) = H*{BT;k) = k[c]. In this section we construct a 
Kronecker pairing which does reflect this structure. To see what such a sequence might look like, 
we note that the generator c € H'^BT lowers degree in HJX, and so all of HJX is c-torsion. Thus 
in order to get a reasonable answer, one might hope for a map 

K : H^{X) YLoxn%j^^{HlX,H,Br), 

and we construct such a map. 

1. Some algebra. Suppose that M is a (graded) H* BT-m.odx\\e. Let 

r(c)M = {r G M\c''r = for some k} 

be the subgroup of c-power torsion in M. The local cohomology groups of M are defined by the 
exact sequence 

H^^-^iM) ^ M[c-i] H^^iM) 0, 

and Grothendieck observed |Gro67| that they calculate the right derived functors of c-power torsion: 

/7(*,)(M) = i?T(,)M. 

For example, if M is torsion free, 

Fi,)(M) = M[l/c]/M, 
and H'^^^M = 0. A special case is instructive. 
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Example A.l. For M = H*{BT) we have 

Hl^-^{H*{BT)) = k[c,c-^]/k[c\ ^ Y?H^BT. 

However, note that the second isomorphism is not natural for ring automorphisms. The natural 
statement, given by the residue, involves the Kahler differentials: 

HIc){H*{BT)) ^H'iBT) ^H*{Br}/k - H^{BT). 

In more concrete terms, if a is the automorphism multiplying c by A, a multiplies H2s{BT) by A~*, 
and the part of H^^^{H* (BT)) in the corresponding degree (viz 2 + 2s) by A~^~^. 

Note too that, if is a field, then graded ff*(i?T)-modules are injective if and only if they are 
divisible. If in addition M is torsion free, then the sequence 

^ M ^ M[l/c] Hl^){M) 

is an injective resolution, giving the following calculation. 

Lemma A. 2. If the coefficient ring k is a field, L is a torsion module and M is torsion free, we 
have 

Ext]^.OT(^,^) = ^ouih*bt{L,hI^{M)). □ 

2. The construction. Let Hk denote the inflation (in the sense of Elmendorf-May |EM97 ]) of the 
nonequivariant spectrum representing ordinary cohomology with coefficients in the commutative 
ring fc, and let Hh = F(ET^, Hk) be the spectrum representing Borel cohomology with coefficients 
in k. These are both strictly commutative ring spectra, so we may consider the triangulated 
homotopy category of modules over them. Let HM be an Hb-module spectrum with ttJ{HM) = M; 
existence and uniqueness are easily checked when A; is a field, from the fact that the coefficient ring 
is of injective dimension 1 and in even degrees. Borel cohomology with coefficients in M is defined 
as usual by 

HP{X; M) = [Hh A X+, TFHM]Hb.T = [X+, T;pHM]j. 

Remark A. 3. To avoid confusion, we highlight some distinctions. Firstly, if is a A;-module one 
may consider the usual cohomology groups 

H^{X- N) = H*{ET XT X; N) 

of the Borel construction. This does not coincide with Hj{X; e*N) where e : k[c\ — > k is the 
augmentation, but in practice no confusion should arise. 

The second distinction is more important. If / is an injective A;[c]-module we may define a 
Brown-Comenetz type cohomology theory 

m{X;I)BC = ilomH.^BT){Hj{X),I). 

Note that this is quite different from Hj{X; I). For example 

H^{pt;H,{BT)) = H,{BT) ^ H*{BT) = H^ipt; H,{BT))bc. 

Our present notation confficts with that used in |Gre05] . where the Brown-Comenetz type theory 
was used without the subscript BC. 

Given a map of Hb-module T-spectra 

f : HbAX+^ T.PHM, 

we form 

HbAX+ /\ET+ ^T.PHM AET+. (A.4) 
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Now apply vrj. The association / vrj(/ A 1) gives a function 

H^iX; M) -> HomH*OT(vrJ(m ^X+^ ET+) , ttJ {J:^ H M AET+)). 

To interpret the homotopy of the domain of (|A.4p , use the Adams isomorphism |Ada84t ILMSM86] : 
if A is T-fixed and B is T-free, we have 

[A,Bf = [a,j:b/t]. (A.5) 

Remark A. 6. The suspension in (jA.SP arises as smashing with S'"'^, the Thom space of the adjoint 
representation of T on its Lie algebra. 

In our setting, the Adams isomorphism gives 

To understand the homotopy of the target of ()A.4p . note that, since c is the Euler class of the 
natural representation, applying ttJ to the cofibre sequence 

HM A ^ HM A 5° -> HM A 

gives a triangle 

TrJ{HM A ET+) M M[c-^]. 
Thus, if M is in even degrees we find 

TrJ{HM A ET+) ^ H*^^^M, 

and we have a map 

K : HP{X;M) -> RomH*BT{^HjX,Hl^^M). 
It is easiest to sort out the gradings by example. If c is regular in M, then 

7rJ(MAf A ET+) ^ {M[c-^]/M)k-.,+i, 

and we have given a map 

HP{X-M) }iomH*BT{^HjX,EP-\M[c-^]/M)) 

or 

H^{X; M) -> Hom^,5Tr(^J^> T.-\M[c-^\ / M)) . (A.7) 

3. Isomorphisms. Suppose now that is a field. Since M[c~^\/M is an injective i?*i3T-module, 
both the left and right sides of ()A.7p are cohomology theories in X, and we have the following. 

Proposition A. 8. If M is torsion free and complete, the Kronecker pairing is an isomorphism 

K ■ H\[X-M) ^ Hom^.^Ti.(i/JX,S-2(M[c-VM)). 

Proof. We must show that the map is an isomorphism when X = S'' A T/A-|_ for all subgroups A 
and all integers k. First, note that the map is an isomorphism when X = S^: here we have the 
map 

M }iomH*BT{H^{BT), ^-^{M[c-^]/M)). 

The fact that this is an isomorphism when M is complete is essentially local duality, but can be 
seen directly since the co domain is 

iiomH*BT{H^{BT),^-'^M[c-^]/M) ^ Ext\j,Bj{H4BT),J:-^M) 

^ Ext]:^.OT(colim^(ann(c^ J^'^H^BT)), M) 
^ lim^ M/(c'^)M 
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since ann{c^ H^{BT)) = S^*A;[c]/(c^). Using suspension isomorphisms on both sides, we obtain 
the result for all spectra X = . 

Now, moving into topology, the Thom isomorphism implies that we have an isomorphism when 
X = /\ , where y is a complex representation of T. If A is cyclic of finite order n, then we 
have the cofibre sequence 

T/A+ -> 5° -> 5"", 

and so an isomorphism for cells of the form A 'ir/yl_|_ for general A. □ 

The simplest example is when M = H*{BT). 
Example A. 9. We have the isomorphism 

H:^{X-H*{BT)) - Homj^.OT(^J(X),if.(OT) ®h'{bt) 
where the Kahler differentials can be omitted if only the H*{BT)- module structure is relevant. □ 

Finally, we specialize to the case of interest to us, arising from the geometry of an elliptic curve 
over a field of characteristic 0. 

Example A. 10. Now suppose that, as in Section [6l we have an elliptic curve C over a field k of 
characteristic 0, and coordinate data ti. For n > 1, the function tn vanishes to the first order on 
points of exact order n (and nowhere else), so that if we let c act on (8" w* via t^/Dt we have 

In any case, T^C (8) w* is a divisible torsion iJ* ST- module, isomorphic to a finite sum of copies of 
H^BT. Applying Proposition IA.81 we have the natural isomorphism 

H:^{X-0'X®u:*)?^YLomH'BT{Hl{X),TAC®uo*). □ 
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